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Abstract

In this paper, we present several new and generalized parallel dense matrix multiplication
algorithms of the form C = aAB + BC on two-dimensional process grid topologies. These
algorithms can deal with rectangular matrices distributed on rectangular grids. We classify
these algorithms coherently into three categories according to the communication primitives
used and thus we offer a taxonomy for this family of related algorithms.

All these algorithms are represented in the data distribution independent approach and
thus do not require a specific data distribution for correctness. The algorithmic compatibility
condition result shown here ensures the correctness of the matrix multiplication. We define and
extend the data distribution functions and introduce permutation compatibility and algorithmic
compatibility. We also discuss a permutation compatible data distribution (modified virtual 2D
data distribution).

We conclude that no single algorithm always achieves the best performance on different
matrix and grid shapes. A practical approach to resolve this dilemma is to use poly-algorithms.
We analyze the characteristics of each of these matrix multiplication algorithms and provide
initial heuristics for using the poly-algorithm.

All these matrix multiplication algorithms have been tested on the IBM SP2 system. The
experimental results are presented in order to demonstrate their relative performance charac-
teristics, motivating the combined value of the taxonomy and new algorithms introduced here.

*Revision and extension of our original paper entitled “The Multicomputer Toolbox Approach to Concurrent
BLAS” submitted September 1, 1993.
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A Poly-Algorithm for Parallel Dense Matrix Multiplication on
Two-Dimensional Process Grid Topologies

1 Introduction

1.1 Parallel Dense Matrix Multiplication Algorithms

Many parallel algorithms have been previously proposed for multiplying dense matrices (such
as [1, 5, 9, 13]). These algorithms are usually defined to operate on square matrices uniformly
distributed on square process grids. Also, the distribution of the data is often driven by the algo-
rithms. For instance, Mathur-Johnsson’s algorithm [19] extends Cannon’s algorithm (the matrix
C-stationary version) to deal with arbitrary matrices and grids, but the underlying data distribution
is fixed (block linear data distribution). PUMMA [6] extends Fox’s algorithm to non-square grids
but fixes on the block scattered data distribution. Furthermore, PUMMA’s authors only discuss
their algorithm’s behavior for square matrices. By way of contrast, BIMMeR’s BMR algorithm [16]
uses a different approach to extend Fox’s algorithm to non-square grids. The data layout is flex-
ible and the virtual 2D torus wrap data distribution is recommended [16]. At present, however,
BiMMeR’s BMR algorithm only deals with square matrices. Furthermore, the algorithm proposed
in [2] uses a different approach for parallel matrix multiplication. This algorithm only uses the
broadcast communication primitive and tries to overlap the communication and the computation;
SUMMA [25] evidently adopts the same idea with a slight difference in implementation.

We present several algorithms that apply to the general case of rectangular matrix multiplica-
tion on rectangular process grids of the form C = a AB+C (shown in part in [11]). We classify the
matrix multiplication algorithms into three categories according to the communication primitives
used. Previously, some confusion on classes of algorithms has evidently persisted [12]. The first
category is Cannon’s approach [5] or the 2D systolic approach. We discuss three versions of Can-
non’s algorithm: the C-stationary version, the B-stationary version, and the A-stationary version.
The second category is Fox’s approach [13] or the Broadcast-Multiply-Roll approach, which has
two orthogonal versions (the row and column versions). We present three algorithms: MM3, MM,
and MMj5. All these algorithms use different approaches to extend Fox’s algorithm to deal with
non-square grids [12]. Specifically, MM is a generalized version of BiMMeR’s BMR algorithm [16]
and can deal with non-square matrices; MM3 and MM, are completely new algorithms. The third
category is the Broadcast-Broadcast approach and a new algorithm, BB, is detailed. All these
algorithms use the data distribution independent [26, 27] approach so that the data distributions
of matrices are flexible. However, the data distributions of matrices A, B, and C must satisfy the
algorithmic compatibility [11, 12] requirement to ensure the correctness of these algorithms; this
work assumes that arbitrary remapping is either space or time demanding and seeks to avoid such
redistributions without further justification.



1.2 Design Methodology

The design of parallel dense matrix multiplication algorithms is based on the Multicomputer Tool-
box approach [21]. Two key ideas underlying scalable programming are logical process grids and
data distribution independence [26, 27]. A logical process grid, denoted here by Gpxq, is a collec-
tion of processes (e.g., one process per node of a mesh or hypercube), logically assigned a shape
PxQ. The processes are named (p, ¢) on this logical grid, where p (resp, ¢) ranges from 0...P —1
(resp, 0...Q — 1). Such logical grids can be readily mapped to physical node topologies [20].

Hence, we are here striving to compare algorithms that minimize time to solution while avoiding
extensive data remapping. Within this regime, an important concept of building parallel library
is the role of poly-algorithms. Poly-algorithm® refers to the use of two or more algorithms to
solve the same problem with a high level decision-making process determining which of a set of
algorithms performs best in a given situation. As we perceive, no single parallel dense matrix
multiplication algorithm always achieves the best performance when dealing with arbitrary grid
shapes and arbitrary matrix shapes. One key issue of using a poly-algorithm is to determine under
what kind of situations an algorithm achieves the best performance. Another key issue is to develop
a common interface for these related algorithms. Here we concentrate on demonstrating the benefit
of a poly-algorithmic matrix multiplication library by classifying algorithms and their performance.
This motivates the need for investment in software design and performance modelling.

Finally, data distribution independence is an important design consideration for building scal-
able parallel libraries, so that applications do not have to redistribute data before and/or after
calling a library. An explicit data redistribution is always expensive either in terms of speed (time)
or additional memory requirements [4]. Furthermore, there is no convenient technology for efficient
redistribution at present; such algorithms merit their own poly-algorithmic study, which we offer
separately [18]. The data distribution functions provide a means to implement the data distribu-
tion independence. The algorithmic compatibility requirement ensures the parallel dense matrix
multiplication algorithms to work correctly without prior remapping of one or more operands.

1.3 Implementation

The implementation of the parallel dense matrix multiplication algorithms described here exploits
the object-based programming approach discussed in [20, 21] and is based on the MPI message
passing interface [14]. For instance, The LA_Mapping object encapsulates the data distribution
functions to support the data distribution independence. The LA_Grid object uses MPI topology
constructors to create a 2-D process grid. The LA_Distrib_2d composes the LA_Mapping and the
LA _Grid to provide a 2-D data distribution for a matrix. The LA_Dmatrix object encapsulates a
dense matrix with a 2-D data distribution on a 2-D process grid. The LA_Dmatrices_Mul object
encapsulates three matrices A, B, and C and an algorithm that performs the multiplication of the
form C = aAB + BC. This high level object provides the interface for our parallel dense matrix
multiplication. Figure 1 shows the hierarchical structure of the objects just mentioned.

The communication primitives, such as broadcast, shift, align, and slide, are implemented using
MPI point-to-point communication functions and collective communication functions. The BLAS

'We would like to thank Professor John Rice for introducing and discussing the poly-algorithm concept with us.
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Figure 1: The hierarchical structure of the objects.
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subroutine DGEMM is used as the local multiplication engine. Further consideration of software
design merits separate discussion, which we offer separately in [22, 23] and elsewhere.

2 Permutation Compatible Data Distributions

In this section, we present the definition of data distribution. We also discuss two instances of data
distributions (i.e., (block) linear data distributions and (block) scattered data distributions with
different strides) and give a general formula that can be used to derive these data distributions
by selecting different parameters. Then we define the notion of permutation compatibility, which
is important for subsequently defining the algorithmic compatibility requirement of our matrix
multiplication algorithms. We discuss a permutation compatible data distribution (i.e., virtual
2D torus wrap data distribution [15, 16]), which is used to distribute matrices on two-dimensional
process grid topologies. Finally, we introduce a modified virtual 2D data distribution that can solve
the potential load imbalance problem induced by the virtual 2D torus wrap data distribution.

2.1 Data Distribution Functions

Definition 1 (Data-Distribution Functions) A data-distribution function u maps three inte-
gers u(I, P, M) — (p,t) where I, 0 < I < M, is the global name of a coefficient, P is the number
of processes among which all coefficients are to be partitioned, and M 1is the total number of coef-
ficients. The pair (p,t) represents the process p (0 < p < P) and local (process-p) name i of the
coefficient. The inverse distribution function p=1(p,i, P, M) — I transforms the local name i back
to the global coefficient name I. The cardinality function p! (p, P, M) — m determines the number



of coefficients m that belong to process p when M coefficients are distributed among P processes
using data-distribution function u.

The “formal” definition of a data distribution may be found in either [20] or [21].

The (block) linear data distribution and the (block) scattered data distribution are two in-
stances of data-distribution. We perform the mapping in two steps. First, we partition the global
coefficients into R blocks. Each block may or may not be the same size, depending on whether R
is a divisor of M, but we try to partition M into blocks as the same size as possible. The blocks
may vary at most one element if we select the block size as [%] or [2|. We choose to gather these
blocks with slightly larger size in low numbered processes without loss of generality. The size of
tth block is as follows:

; _{ (M1 . 0<t<(MmodR)
t=19 M (1)
|%] : (MmodR)<t<R.

Secondly, we assign each block to the processes consecutively. Successive blocks are assigned to
different processes with a fixed stride s. The tth block is assigned to process p according to the
following expression?:

p = (s X (t mod P) + ( ; mod gcd(P,s))) mod P (2)
gcd(P,s)

where s (1 < s < P) is the stride of panel space and gcd denotes the greatest common divisor
function.

By selecting a different block size b or block number R and stride s in Equation 1 and 2, we can
obtain various data distributions. Some of them are useful. For example, if we select R = P and
s = 1, we achieve a linear data distribution. Further, if we select R = M, we achieve a scattered
data distribution with various strides s. If we select other value of R and s, we can achieve block
scattered data distributions with different block sizes and strides.

2.2 Data Distributions on Two-Dimensional Topologies

Now, we consider the distribution of a matrix on a two-dimensional process grid. Consider an
M x N matrix A, that is, M rows and N columns, mapped onto a process grid Gpyxg. Figure 2
shows a 9 x 8 matrix example. A P X ) process grid Gpx g, that is, P rows and ¢ columns, is
numbered as (p,q) where p=0...P —1,g=0...Q — 1. Figure 3 shows a 4 x 3 process grid and
how each process is numbered. We perform the data mapping on both dimensions. In the row
dimension, we denote the mapping function as

u(L, P, M) — (p,1)

with different block number R, and stride s,. While in the column dimension, we denote the
mapping function as

v(J,@:,N)— (g,9)

2This expression is a modified version of the formula defined by BiMMeR [16].



with different block number R, and stride s,. Figure 4 shows the distribution of a matrix 4 on a
grid Gpx o with a scattered data distribution on the row dimension and a linear data distribution
on the column dimension.

2.3 Permutation compatibility for matrix multiplication

Permutation compatibility is the following property between two data distributions:

Definition 2 (Permutation Compatibility) Two distributions p(e, P, M) and v(e,Q,N) are
permutation compatible if and only if M = N and

AN (u(I,P,M),P,M) = AJNv(1,Q,M),Q,M)
VI =0,...,M -1

where the associated linear distributions A, and A, have matching cardinalities:

Al(p,P,M) = ul(p,P, M)
Af,(p,P,M) = I/ﬂ(p,P,M)
Vp=20,...,P—1.

An example of two permutation compatible distributions is given in Figure 5.

Now, consider the matrix multiplication algorithm C = a¢AB 4 BC. Matrix Ais an M4 X N4
matrix with a row distribution pa(e, P, M4) and a column distribution v4(e,Q, N4), matrix B is
an Mp X Np matrix with a row distribution pug(e, P, Mp) and a column distribution vg(e,Q, Np),
where Ny = Mp and the data distributions v4 and pp are permutation compatible. We now
discuss the permutation compatibility problem between v4 and pp with different data distributions
on different grid shapes. Obviously, if v4 and up are permutation compatible, they must have the
same block size r and the same stride s. Hence, we discuss distribution compatibility of two
distributions with the same block size and the same stride:

1. if both the v4 and the up are linear data distributions, then they are obviously permutation
compatible on an arbitrary process grid Gpyog.

2. both the v4 and the up are scattered data distributions. If the process grid is square, v4
and up are permutation compatible. If the process grid is not square, ¥4 and pp are not
permutation compatible. Note that the problem is caused by the different values of P and @
in Equation 2.

3. both the v4 and pp are block scattered data distributions. The same compatibility condition
results as in the scattered data distribution situation.

The permutation imcompatibility of the (block) scattered distribution on non-square grid situations
causes problem for the matrix multiplication of C = aAB + BC, because the algorithm requires
the permutation compatibility of v4 and pp. This can be resolved grossly by data remapping, but
our point is not to resort to remapping within the classification scheme; anyway, we wish to avoid
temporaries and excess communication as mentioned in [4].



apgo @p,1 Go2 Gp3 Qo4 Gos Goe Qo7
@10 @11 G12 @13 @14 AG15 A1 Q1,7
a0 @21 G22 G323 Q24 G425 G268 Q27
azo @31 G322 G33 @34 435 G336 @37
g0 @41 Qa2 Gg3 Qg4 Qa5 Gae Qa7
aso G531 G52 0G53 G54 455 G568 G577
go a1 G2 a3 (g4 des5 Udge g7
7o @71 G722 G73 Q74 Q75 G7e Q77
ago ag1 ag2 ag3 g4 dgs dge @87

Figure 2: A 9 x 8 matrix A.
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Figure 3: Coordinate numbering for a 4 x 3 process grid Gpxg.

apgo @p,1 Go,2 | @03 Qo4 Qo5 | Qo Q0,7
g0 @41 @42 | Qg3 Qg4 Qa5 | Gae Qa7
ago @81 0Gg2 |aGg3 ag4 0agys5 | dge @87
@10 @11 @12 | @13 @14 Q15| A1 Q1,7
aso @51 G52 |G53 G54 G55 | G056 G577

a0 @21 G232 |G23 Q24 Q25 | 026 Q27
go Qg1 G2 |03 (g4 G5 | Gge Gp7

a3zo @31 @32 |G33 @34 G35 | 436 @37
7o Q71 G732 | G733 Q74 Q75 | G7e Q77

Figure 4: The data distributions of matrix 4 on a process grid Gpyx o with a linear data distribution on

the column dimension and a scattered data distribution on the row dimension.
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1 2 2 2 1
o #(I,2,6) A AR A AT v(1,3,6) o
3 1 1 1 3
4 3 3 3 4
5 5 5 5 5

Figure 5: Example of permutation compatibility: two different data-distributions, u(e,2,6) and v(e, 3, 6),

are permutation compatible.

2.4 The virtual 2-dimensional grid

For a non-square grid Gpx g, we can view it as a a X «a virtual grid [15, 16], where « is the least
common multiple of P and . Then we distribute matrices on this a X a virtual grid [16]. We
modify the Equation 2 as follows:

p = (s X (t mod a) + mod gcd(a,s))) mod a (3)

gcd(a,s)

If we choose the same block size and stride, v4 and pp prove to be permutation compatible. Note
that if we choose s = 5, we obtain the same scattered data distribution as that obtained by
Equation 2, but with local storage differences (process-local permutations).

We achieve permutation compatibility of v4 and pp by using the virtual grid, but we intro-
duce another problem by doing so. Notice that when N4 (Mp) is not evenly divided by a, the
remainder blocks are assigned to different virtual processes. However, these virtual processes may
be in the same process, which causes more blocks on some processes than on other processes. Fig-
ure 6 illustrates the column distribution v4(e,6,27) and the row distribution pp(e,4,27). For the
va(e,6,27) situation, process 0 has one more element than that on average. For the up(e,4,27)
situation, process 0 has two more elements than that on average.

We can modify our distribution strategy to solve this problem and this is an important real-
ization. After we use Equation 3, we actually obtain a new order for the global coefficients. We
can then partition this new order of global coefficients into P parts so that each has [2£] or %]
coefficients and consecutively assign them to the processes. We call this the modified virtual 2D

data distribution. Figure 7 shows the data distributions using the modified strategy.

3 Taxonomy of Parallel Dense Matrix Multiplication Algorithms

In this section, we first define algorithmic compatibility for the matrix multiplication algorithms
of the form C = aAB + BC. We introduce the notation used in our pseudocode and define the
communication primitives used by the matrix multiplication algorithms. Then, we present the



Process Local Column Index
0 0 12 24 1 13 95| Process Local Row Index
1 2 14 26 3 15 0 0 12 24 1 13 25 2 14 26
2 4 16 b5 17 1 3 15 4 16 b5 17
3 6 18 7 19 2 6 18 7 19 8 20
4 8 20 9 21 3 9 21 10 22 11 23
5 10 22 11 23

Figure 6: The column distribution v4(e, 6,27) and the row distribution wup(e,4,27) using the virtual 2D
torus wrap data distribution.

Process Local Column Index

0 0 12 24 1 13| Process Local Column Index

1 25 2 14 26 3 0 0 12 24 1 13 25 2
2 15 4 16 5 17 1 14 26 3 15 4 16 5
3 6 18 7 19 2 17 6 18 7 19 8 20
4 8 20 9 21 3 9 21 10 22 11 23

5 10 22 11 23

Figure 7: The column distribution v4(e,6,27) and the row distribution pp(e,4,27) using the modified
virtual 2D data distribution.

matrix multiplication algorithms. We classify the matrix multiplication algorithms into three cate-
gories according to the communication primitives used. The first category is Cannon’s approach [5],
which shifts two of the matrices A, B, and C. We discuss three versions of Cannon’s algorithm:
C-stationary version, B-stationary version, and A-stationary version; usually only the C-stationary
version is considered. The second category is Fox’s approach [13], which broadcasts one matrix and
shifts the other; there are two orthogonal versions (the row version and the column version). In
the row (resp, column) version, matrix A (resp, B) is broadcast and matrix B (resp, A) is shifted.
Furthermore, we discuss two new algorithms: MM3 and MM, and a generalized algorithm: MMs5.
All these algorithms use different approaches to extend Fox’s algorithm to deal with a non-square
grid; the MMs5 is a generalized version of BiMMeR’s BMR algorithm [16] (BMR only deals with
square matrices). The third category is Broadcast-Broadcast approach, which broadcasts both
matrix A and matrix B; for this category, we detail a new algorithm BB. Table 1 summarizes the
taxonomy for our parallel dense matrix multiplication algorithms and other known algorithms that
can be fit in the taxonomy.

3.1 Algorithmic Compatibility

Algorithmic compatibility is the property of data distributions of matrix A, matrix B, and matrix
C that ensures an algorithm in our taxonomy can be used correctly. The algorithms of matrix



Table 1: Summary of the taxonomy for parallel dense matrix multiplication algorithms

Cannon’s approach Fox’s approach Broadcast-Broadcast approach
Cannon C version MM 3 row version BB algorithm

Cannon A version MM3 column version | Algorithm presented in [2]
Cannon B version MM 4 row version SUMMA [25]

Mathur-Johnsson’s algorithm [19] | MM 4 column version | Special case of 3D algorithm [3]

MMs row version

MM5 column version
PUMMA 6]
BiMMeR’s BMR [16]

Ax0 Qg2 Qx4 | Tx 1 Gx3 Qx5 bO,* bO,* bO,* bO,*
Ax0 Qg2 Qx4 | Tx 1 Gx3 Qx5 b2,* b2,* b2,* b2,*
Q%0 Q%2 Qx4 | AQx,1 Ax,3 Qx5 v b4,* b4,* b4,* b4,*
Ax0 Qg2 Qx4 | Tx 1 Gx3 Qx5 bl,* bl,* bl,* bl,*
Ax,0 Ax,2 Qx4 | Qx,1 Q%3 x5 b3 b3 | b3 s b3 4
Ay 0 Qg2 Qx4 | Qx1 A% 3 Qx5 b5,* b5,* b5,* b5,*
Gx0 Ax,2 Qx4 | Qx1 A% 3 Qx5

Gx0 Ax,2 Qx4 | Qx1 A% 3 Qx5

Figure 8: Example of algorithm compatibility: multiplication of matrices Asxs and Bsxa, distributed
compatibly on a 3 x 2 process grid. Coeflicient subscripts (i.e., ar ) are the global (I, J) indices.

multiplication of the form C = aAB + BC require the following algorithmic compatibility:

Definition 3 (Algorithmic Compatibility) Matrices A, B, and C are compatible for the ma-
triz multiplication algorithms if and only if the column distribution of A is permutation compatible
with the row distribution of B, and the row and column distributions of C' are identical to the row
distribution of A and the column distribution of B, respectively.

Figure 8 illustrates the definition in action for a 3 x 2 logical process grid and matrices A and B
with shapes 8x6 and 6x4, respectively. If we view the multiplication, AB, as (P4AQ4)(PsB9gB),
where P4 (resp, Pg) is a global permutation view of A’s (resp, B’s) row distribution, and Q4 (resp,
Qp) is a global permutation view of A’s (resp, B’s) column distribution, then the compatibility
definition above requires that Q4 = Pg. This means that

(PaAQA)(PpBQp) =Pa(AB)Qp = P4COB,

so that C has A’s row distribution and B’s column distribution.

A principal goal of the design of the matrix multiplication algorithms discussed here is data
distribution independence. These algorithms do not require a specific data distribution, such as
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a linear data distribution, a block data distribution, or a scattered data distribution. When the
data distributions of matrices A, B, and C satisfy the algorithmic compatibility requirement, these
algorithms can be used correctly. Otherwise, prior redistribution of data is needed to ensure the
correct result, as we have mentioned above.

3.2 Notation of Pseudocode and Definition of Communication Primitives

Now, we introduce the notation and pseudocode used to represent the matrix multiplication algo-
rithms. The notation A, 4 is to represent the submatrix of A that is stored in process (p, q). Since
all of the algorithms that follow are presented as being logically local to process (p, ), the objects
within them do not need subscripts. Hence, the notation A within our pseudocode will mean A, ,.
Also within the pseudocode, the notation A .; ;.j,) represents the submatrix of A, 4 consisting
of rows 4; through 45 and columns j; through j; (the indices here are local indices). The same
notation applies for matrix B and matrix C.

The quantities m4 and n4 represent the local dimension of matrix A on process (p,q). ma
is determined by the row cardinality function p! and n4 is determined by the column cardinality
function v respectively. Similarly, mp and np represent the local dimension of matrix B, and m¢
and n¢ represent the local dimension of matrix C'.

The communication primitives used in the matrix multiplication algorithms are broadcast, slide,
align, and shift. The align primitive actually consists of two primitives (i.e., slide and stride). It first
performs slide if necessary and then stride if necessary. All these communication primitives actually
perform along one dimension of the grid (either the row dimension or the column dimension). Each
includes a row version and a column version. Early versions of these are shown in [11, 12].

The collective communication primitive broadcast is conventional: one process sends identical
data to all other processes in the same communication group. The row broadcast(), where 0 <
k < @, performs along the row dimension of grid §pxg. The definition of row broadcasty, follows
next.

Definition 4 (row broadcast(k)) Let D represent data distributed on a grid Gpyg, and let Dy, 4 be
that part of D contained in process (p,q). let D;,,q be a temporary buffer of the same size as Dy i,
in process (p,q). Then, the collective primitive row broadcast(y) is defined by:

row broadcast D;,,q i Dpr — D;),q;

forallp : 0<p< Pandq:0<gq < Q. k represents the column indez of the process that is the
root of the broadcast.

The col broadcast(y), where 0 < k < P, is orthogonal to the row broadcast(x). It performs
along the column dimension of the grid Gpyxg. k represents the row index of the process that is
the root of the broadcast.

The collective communication primitive stride(4; 1), where 0 <7 < Pand 0 < j < @, is defined
as follows:

Definition 5 (stride(ii,ij)) Let D represent data distributed on a grid Gpyg, and let Dy, 4 be that
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part of D contained in process (p,q). Then, the collective primitive stride(4; 15) 15 defined by:

stride(ii,ij) Dp,q : Dp,q — Dp’,q’;

P = (p+ i) mod P,
¢ = (g£j)mod Q.

The notation stride(y; +jy D means stride(i; +;) Dpq for all p, q. The sign of ¢ and j denotes the
direction of data movement. The “+” indicates the direction is from left to right along the column
dimension and from up to down along the row dimension. The “” indicates from right to left and

from down to up respectively.

Thus, the row stride with stride j is denoted as stride(g +;) and the column stride with stride 7 is
denoted as stride(4; ).

The collective communication primitive shift(; +j), where ¢ =0 or i =1and j =0 or j = 1,
is a special case of stride(4; +jy. So the row shift(o 11) is defined as stride 1) and the column
shift(11 ¢y is defined as stride 4 ).

The collective communication primitive slide(y; ;) is a collective data redistribution primitive,
where 0 < i < uf and 0 < j < o,

Definition 6 (slide(1; +;)) Let D = {dr,;} represent data distributed on a grid Gpxq with row
and column distributions: u,(I,P,M) and p.(J,Q,N). Then, the collective primitive slide(; ;y D
redistributes dy j with row and column distributions:

Ay (L, + i) mod M, P, M),
Ay ((Jy, £7) mod N,Q, N),

where A, and A, are associated linear distribution functions with matching cardinalities, and

Iur = A;}(#’T(I7P7M)7P7M)7
Juc = A;cl(:u’c(‘]:QaN):QaN)'

The sign of i and j denotes the direction of data movement. The “+” indicates the direction is
from left to right along the column dimension and from up to down along the row dimension. The
“” indicates from right to left and from down to up respectively.

Thus, the row slide is denoted as slide(g, 1) and the column slide is denoted as slide(; o).

The collective communication primitive align consists of two steps of communication primitives:
first slide and then stride. The row align(;y is defined as:

slideo,_;) + strideg _y,)

row align(ijz) = { slide(g ;)  + strideo).

The col align(4; ) is defined as:

slide_; 0y + stride_g)

col ahgn(ii,k) = { slide(i,o) + stride(k,o)-
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3.3 Cannon’s approach (the 2D-Systolic approach)

The principle of Cannon’s approach is discussed in several works [5, 16, 17, 19]. Most of the
discussion simply deals with a square grid and square matrices of the C-stationary version. Figure 9
gives the process-(p, ¢) pseudocode for Cannon’s algorithm of the matrix C-stationary version and
Figure 10 gives an example for dealing with a non-square grid and non-square matrices.

The align primitives align the inner indices of local matrices A and B on each process so that
the systolic multiplication can apply. There are two choices to implement the align primitive, when
the global coefficients are not evenly distributed on each process. One approach maintains the
property that the local matrices of A (resp, B) in the same process columns (resp, rows) have
the same number of column (resp, row) coefficients. Referring to Figure 10b, the result of a row
align of matrix A will be that A(3.45.6)is in process-(1,1) and A(s.4,0:2) is in process-(1,2). Another
approach tries to move the local matrices as a whole. The result of this align approach is showed
in Figure 10b. Notice that the local matrix sizes of matrix A on process-(1,1) and process-(1,2)
are changed and the local matrix sizes of matrix B on process-(0,2) and process-(1,2) are changed
accordingly. Although the above property is destroyed, the inner indices of local matrices A and
B are still aligned. We prefer the later approach, because it has less overhead for preparing local
data for alignment.

Two other variants of Cannon’s approach are the versions with either matrix B or matrix A held
stationary, which we have not seen discussed elsewhere, except in passing [19]. The communication
patterns of the two variants are a little bit different than that of the matrix C-stationary version.
In the matrix B-stationary version, the matrix A will be shifted left and down in both the row
and column dimensions and the matrix C' will be shifted down in the column dimension. Figure 11
gives the process-(p, ¢) pseudocode for Cannon’s algorithm of the matrix B-stationary version and
Figure 12 gives an example. The matrix A-stationary version is orthogonal in its data motion to
the matrix B-stationary version, so is not shown explicitly. In the matrix A-stationary version, the
matrix B will be shifted right and up in both the row and column dimensions and the matrix C
will be shifted right in the row dimension.

The disadvantage of Cannon’s approach is the initial align and final realign of matrix A and
matrix B. If we were chaining multiplication operations together or we were reusing matrix A
and/or matrix B for several multiplication operations, we might want to suppress the final realign
and thus the initial align for consequent multiplications. Such optimization will be considered in
future research.
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algorithm CANNON_C [matriz C stationary/
C = pC;
(kA,jA) — va(ug'(p,0, P, MB),Q, Na);
row align(_;a x4y A;
(kB,iB) « pp(v;'(¢,0,Q, Na), P, Mp);
col align_;p xp) B;
a = b = 0;
rg := Q; rp = P;
while ((r4 > 0) or (rp > 0))
r := min{(nas —a),(mp —b)};
C =C+ aA(:,a:a—I—r)B(b:b—I—r,:);
a = a+7r; b= b+
if ((a =n4) and (r4 > 0)) then
row shifto,_1y A;
rg = ra—1; a := 0
end if
if (b = mp) and (rp > 0)) then
col shift(_y o) B;
rg := rg—1; b = 0;
end if
end while
row align ;s x4y A;
col align(;p x5y B;
end algorithm

//scale matrix C

//get col index of A matching row 0 of B
//row align matrix A

//get row index of B matching col 0 of A
//column align matrix B

//initialization

//calculate the maximum # of inner indices
//update local matrix C

//matrix A has used all of the data
/ /row shift matrix A

//matrix B has used all of the data
//column shift matrix B

/ [restore initial data distribution of A
/ [restore initial data distribution of B

Figure 9: Pseudocode for Cannon’s algorithm of the matrix C-stationary version.
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A B

Q0,0 ao,1 Q0,2 Q0,3 Q0,4 Q0,5 Q0,6 bo,0 bo1 bo,szo,s bo,4|bo,54b0 6 bo,7
Q1,0 1,1 1,2 21,3 Q1,4 Q15 Q16 bi,0 b1 1,2[613 b14|b15|b16 1,7

bao b2 bao b33 b2.4|bas|bae bor
2,0 42,1 a2,2102,3 Q2,4 Q25 026 b3 b31 b3 b33 b34|b3s5[b3e b3
d3,0 43,1 a3,2|@3,3 a3,4 3,5 43,6 bao ban ba ba3 baa|bss bage ba
Q4,0 Q4,1 Q4,2104,3 Q4,4 Q45 Q46 bso b5 bs o bs3 b54|bss bse bs 7

bs,0 bs,1 bs,2 be,3 be.a|bes begs b7

Figure 10a (Cannon C example): Initial data distributions of matrix A and matrix B. Matrix A will
undergo row align ;) and row align._; ;) on 0 and 1 rows respectively. Matrix B will undergo col align g,

col a]ign(_zyo), and col a]ign(_lyl) on 0, 1, and 2 columns respectively.

A B

Q0,0 @0,1 Q0,2 20,3 Q0,4 @0,5 0,6 00,0 00,1 022 023 024045 046 D47
41,0 411 a12 @13 G1,4 Q15 16 b10 b11 b32 b33 b34 b5,5 b5,6 b5,7
by b2 by ba3 044)bes beg bo 7
bos boe bor
a23 034 G255 Q26 G2,0[02,1 Q22 b3 0 031 052 053 054015 01,6 01,7
43,3 43,4 a3,5 03,6 43,0143,1 43,2 byg bay be,2 be3 bealbas bag ba7
d43 Q4.4 Qa5 Qa6 A40Q0a1 Q42 b5,0 b5,1 bo 2 b03 b04 b3,5 b3,6 b3,7

6,0 be,1 by b13 b14

Figure 10b (Cannon C example): Data distributions of matrix A and matrix B after alignments. Each
process computes as much of the matrix multiplication as can be done locally (data used in the multiplication
are marked with solid boxes). Matrix A has used all of the data and will undergo row shiftio _1).

A B

Q0,2| 20,3 @0,4(@0,5 Q0,6]%0,0|20,1 00,0 00,1 022 023 0241045 Da6 D47
a1 0|ai3 aj 4la1 5 a1 6la10la1,1 b10.b11 b2 b33 b3 4iibs s bse bs 7
b2,0 021 bao Da3 baalbes beg bs7
bos 006 Doz
Q25 42.6|02,0|22,1|22,2 a2,3(a2,4 030 03,1 052 053 0543015 016 01,7
a35 436|03,0/23,1|143,2 a3,3|1a3,4 bag baq b2 be3 be aiiby s bag ba
Q45 G46|04,0|04,1(qa,2 04.3(Q4,4 bs5.0 051 bo.o bo.3 boafb35 036 037]

6,0 06,1 D12 013 014

Figure 10c (Cannon C example): After matrix A undergoes row shift(y _1), each process does a local
matrix multiplication (data of matrix B previously used are marked with dashed boxes). Matrix B has used
all of the data and will undergo col shift(_; ¢).
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A B

do,2{@0,3 @9,4il@0,5 @0,6[20,0%0,1 (030 031l 052 053 b54)015 016 017
a1,2i91.3 a1,4il01,5 a1 .6a1,001.1 40 D41 bao bz bealbas bog Doz
5,0 05,1 bo,2 bo,3 bo,a|b3s b3 b3z

6.0 b6 12013 014
a5 @2,64a2 0fd2,1{a2, 2 a2 3ia2 4 bog 0 by o 023 by allbys bag byl
35 43,61a3,0[23,14a23,2 a3,31a3,4 1,0 01,1 b3 033 b34|bs5 b5 b5 7
Q4.5.34,6104,0104 1104 2 4,3124.4 2,0 ba1 4,2 ba3 baalbes bee be 7
bo,5 bos bo,7

A

Figure 10d (Cannon C example): After matrix B undergoes col shift(_; ¢, each process computes as
much of the matrix multiplication as can be done locally. Matrix A has used all of the data and will undergo
row shifto _1) again.

A B

40,4 Q0,5 @0,6]%0,0 40,1 ap,2 @p,3 ()3,0 ()3,1 ()5,2 ()5,3 ()5,4 ()1,5 bl,G ()1,7
d1,4 Q15 G16]G10 Q11 a12 @13 ()4,0 ()4,1 6.9 bﬁ 3 bﬁ A 02,5 b2,6 ()2,7
b5,0 b5,1 b0,2 b0,3 b0,4 b3 5 b3 6 b3 7

60b61 b1ob1qb1_
a1 42,2 42,3 42,4 a5 Q2.6 @20 bo 0 bo 1 b2 2 b2 3 b2 A b4 5 b4 6 b4 7
a3;1 43,2 a3.3 a3 4 a3 5 36 43,0 bl,O b1,1 b3,2 b3,3 b3,4 b5,5 b5,6 b5,7
a41 Q42 d4.3 Q4.4 da5 Q46 Qa0 b9 0 b9 1 4.9 b4 3 b4 4 b6,5 b6,6 b6,7
0.5 bO.G b0.7

A

Figure 10e (Cannon C example): After local matrix multiplication, both matrices have used all of the
data. Matrix A will undergo row shift( _1) and matrix B will undergo col shift(_; q).

A B

40,0 40,1 ap,2 @p,3 ap,4 Q0,5 40,6 bo,o b0,1 bg,glbg,g b2,4 b4,5 b4,6 b4,7
d1,0 41,1 a1,2 @1,3 a1,4 Q15 1,6 b1,0 b1,1 3,2Y03,3 b3,4 b5,5 b5,6 b5,7
bao b2 4,2 ba3 bga|bes|bee be 7
0,5/b0,6 bo,7
23 A2.4 az5 26 G2,0(42,1 42,2 b3 b31 bs o b53 bs54|b1s5vb16 b1,7
a3,3 a34 43,5 a3,6 43,0(33,1 43,2 bao ban bs2 be3 bea|bas bage ba
Q4,3 Q4.4 Q45 Q46 A4,0/04,1 4,2 25,0 25,1 20,2 20,3 20,4 b3 s bzg b3 7

6,0 06,1 1,2 01,3 01,4

Figure 10f (Cannon C example): Matrix A has been shifted Q(here Q@ = 3) times and matrix B has
been shifted P(here P = 2) times, the matrix multiplication finished. Matrix A undergoes row aligny 1
on row 1 and matrix B undergoes col align, () and col align(; 1y on column 1 and 2 to restore the originial
distribution.
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algorithm CANNON_B [matriz B stationary/

C = pC;

(kA7.7A) — VA(IU’Bl(pa():P: MB)7Q7NA);
row align(_;, x4y A;

(kB77’B) — /I'B(V,Zl(q707Q7NA)7P7 MB):
col align_;p xp) B;

a = b = 0;

rg := Q; rp = P;

while ((r4 > 0) or (rp > 0))
r := min{(nas —a),(mp —b)};
C = C+ aA(:,a:a—I—r)B(b:b—I—r,:);
a = a+7r; b= b+

if (b = mp) and (rp > 0)) then
col shift(1 o) 4;
col shift(; o) C;
rg := rg—1; b = 0;
end if
if ((a =n4) and (r4 > 0)) then
row shifto,_1y A;
rg = ra—1; a := 0
end if
end while
row align ;s x4y A;
col align(;p x5y B;

end algorithm

//scale matrix C

//get col index of A matching row 0 of B
//row align matrix A

//get row index of B matching col 0 of A
//column align matrix B

//initialization

//calculate the maximum # of inner indices

//update local matrix C

//matrix B has used all of the data
//column shift matrix A
//column shift matrix C

//matrix A has used all of the data
/ /row shift matrix A

/ [restore initial data distribution of A
/ [restore initial data distribution of B

Figure 11:

Pseudocode for Cannon’s algorithm of the matrix B-stationary version.
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C
Co,0 Co,1 Co,2 €o,3 Co,4|C0,5 Co,6 Co,7
€10 €C1,1 €12 €C1,3 C1,4|C15 C16 C1,7
€20 €21 C22 €23 C24(C25 C26 Ca,7
€30 €3,1 €32 €33 C3,4|C35 C36 C3,7
Ca0 Ca1 Ca2 C43 C4.4|Ca5 Cap C4,7

Figure 12a (Cannon B example): Initial data distribution of matrix C. The row and column data
distributions of matrix C are the same as the row data distribution of matrix A and the column data

distribution of matrix B respectively.

A B

Q0,0 ao,1 Q0,2 Q0,3 Q0,4 Q0,5 Q0,6 bo,0 bo1 bo,szo,s bo,4|bo,54bo 6 bo,7
Q1,0 1,1 1,2 21,3 Q1,4 Q15 Q16 bi,0 b1 1,2[613 b14|b15|b16 1,7

bao b2 bao b33 b2.4|bas|bae bor
2,0 42,1 a2,2102,3 Q2,4 Q25 026 b3 o b31 b3 b33 b34|b3s|bse b3
d3,0 @3,1 a3,2(as3,3 03,4 @3,5 43,6 bao ban ba ba3 baa[bss bage bar
Q4,0 Q4,1 Q4,2104,3 Q4,4 Q45 Q46 bso b5 52 b5 3 b5 albss bsg b5 7

bs,0 bs,1 6,2 b3 b6,a|be s bee bs 7

Figure 12b (Cannon B example): Initial data distributions of matrix A and matrix B. Matrix A will
undergo row align ;) and row align._; ;) on 0 and 1 rows respectively. Matrix B will undergo col align g,

col a]ign(_zyo), and col a]ign(_lyl) on 0, 1, and 2 columns respectively.

A B

40,0 @0,1 40,2 40,3 40,4 Q0,5 40,6 bo,o bO,l 02,2 02,3 02,4 ()4,5 b4,6 ()4,7
a10 a1 d12 413 a14 015 Q16 bi1g b1g b3 b33 baalbss bse bs 7
b0 b1 by ba3 baalbes begs bar
bos bos bor
a3 a3 4 a2,5 02,6 G2,0]02,1 42,2 03,0 031 052 053 054015 01,6 01,7
a33 a34 a3;5 a3,6 43,0143,1 43,2 bso bag b2 be3 bealbas bag ba7
Qa3 Q4.4 Qa5 Qa6 Aa0]041 Q42 bs0 051 boo boa boalbzs b3e b3

6,0 6,1 b1 b13 b1 4

Figure 12c¢ (Cannon B example): Data distributions of matrix A and matrix B after alignments.

Each process computes as much of the matrix multiplication as can be done locally (data used in the
matrix multiplication are marked with solid boxes). Matrix 4 has used all of the data and will undergo

row shifto _1).
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A B

ap,2| 20,3 ao,4|20,5 20,6|20,0| 20,1 00,0 00,1 022 023 02 43045 Dae 047
a10|ai3 aj 4la1 5 a1 6la10la1,1 b10.b11 b2 b33 b3 4iibs s bse bs 7
b2,0 021 bao Da3 baalbes beg bs7
bos Oog Doz
Q25 G26|02,0]02,1| 22,2 a2,3(a2,4 030 031 052 053 054015 01,6 01,7
a3,5 43,6/23,0]23,1(a3,2 a3,3|@3 4 b40 b4 1 6,2 b6,3 b6,4 25 bg 6 bg 7
Q45 G46|04,0|04,1(qa,2 04.3(Q4,4 bs5.0 051 bo2 bo.s boafb3s U36 03.7]

bsg be1 b12 013 014

Figure 12d (Cannon B example): After matrix A undergoes row shift(y _), each process does a local
matrix multiplication (data of matrix B already used are marked with dashed boxes). Matrix B has used
all of the data, thus matrix A and matrix C will undergo col shift(; ).

C
€20 €21 C22 €23 C24(C25 C26 Ca,7
€30 €3,1 €32 €33 C3,4|C35 C36 C3,7
Ca0 Ca1 Ca2 C43 C4.4|Ca5 Cap C4,7
Co,0 Co,1 Co,2 €o,3 Co,4|C0,5 Co,6 Co,7
€10 €C1,1 €12 €C1,3 C1,4|C15 C16 C1,7

Figure 12e (Cannon B example): The data distribution of matrix C after col shift(1 o).

A B
a'2,5 a'2,6 a'2,0 a'2,1 a'2,2 a'2,3 a'2,4 |boo bo 1| bg 2 bg 3 bg 4 b4 [ b46 b4 7|
a3,5 43,61a3,0[23,1{a23,2 a3,31a3,4 bio b11 b3 b33 b34|bss bse b5
Q4.5 34,64040[04,13{04 2 Q4,3104.4 bao b2 by ba3 baa|bes beg be 7
0,5 bos boz
20,2i|20,3 0,4]@0,5 Qo,6FUG,0i 0,1 [630 031] b52 053 054]015 016 0
1,2i141,3 41,4i31.5 A1,6[21,0i01,1 b4,0 b4,1 bG 2 Og a3 b64 b2,5 bg,g b2,7
5,0 05,1 bo,2 bo,3 boa|bas b3g b37
6,0 be,1 by b13 b1a

A

Figure 12f (Cannon B example): After matrix A and matrix C undergo col shift(; o), each process does
a local matrix multiplication (data of matrix A already used are marked with dashed boxes). Matrix A has

used all of the data and will undergo row shift(g _1).
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A B

az1 @22 Q23 Q2,4 Q25 A2,6 42,0 00.0 00,1 099 093 09414045 Dag Da7
a31 a3 a33 43,4 a3 5 36 43,0 b1o 01,1 032 033 034055 056 057
da1 Q4.2 Gg3 Q4.4 Qa5 Qa6 40 bgo bgl 4.9 b43 b44 b6,5 b6,6 b6,7
bos bog boz
do0,4 Qo,5 do,6|%0,0 Q0,1 ao,2 40,3 Y30 0931 05,2 053 0544015 016 017
a1,4 G155 A16J01,0 @11 1,2 013 04,0 04,1 6,2 06,3 b6 41025 D26 D37
5,0 05,1 bo,2 003 00,4)b3,5 bag b3z

bsg be1 12b13b14

Figure 12g (Cannon B example): After matrix A undergoes row shift(; q), each process does a local ma-
trix multiplication. Matrix B has used all of the data, thus matrix A and matrix C will undergo col shift(; o).
Also matrix A has used all of the data and will undergo row shift(y _1).

C
Co,0 Co,1 Co,2 €o,3 Co,4|C0,5 Co,6 Co,7
€10 €C1,1 €12 €C1,3 C1,4|C15 C16 C1,7
€20 €21 C22 €23 C24(C25 C26 Ca,7
€30 €3,1 €32 €33 C3,4|C35 C36 C3,7
Ca0 Ca1 Ca2 C43 C4.4|Ca5 Cap C4,7

Figure 12h (Cannon B example): Matrix C restores the initial data distributions of matrix C after
col shift(; o) P(here P = 2) times.

A B

Q0,0 20,1 ao,2 Q0,3 Qp,4 @05 Q0,6 bo,0 bo1 bz,zlbz,s by 4|bas|bag bay
ai,0 @11 ai,2 41,3 1,4 15 1,6 21,0 21,1 b3 2 23,3 23,4 25,5 25,6 25,7
2,0 021 4,2 043 04,4|065(06,6 0g,7
bos|bo,6 boz
23 A2.4 az5 26 G2,0(42,1 42,2 b3 b31 bs o b53 bs54|b1s5vb16 b1,7
a3,3 a34 43,5 a3,6 43,0(33,1 43,2 bao ban bs2 be3 bea|bas bage ba
Q4,3 Q4.4 Q45 Q46 A4,0/04,1 4,2 bso b5 bo2 bo3 bo,a|bzs bae b3

bs,0 bs,1 by b13 b1a

Figure 12i (Cannon B example): Matrix A has been row shifted Q(here @ = 3) times and column shifted
P(here P = 2) times, the matrix multiplication finished. Matrix 4 undergoes row align;, 1y on row 1 and
matrix B undergos col align, () and col align(; 1y on column 1 and 2 to restore the originial distribution.
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3.4 Fox’s approach (the Broadcast-Multiply-Roll approach)

Another well-known approach for parallel dense matrix multiplication is Fox’s algorithm [13]. Fox’s
algorithm uses one-to-all broadcasts of blocks of matrix A in the row dimension and shifts of
blocks of matrix B along the column dimension. Several different approaches are used to extend
Fox’s algorithm to deal with non-square grids, such as PUMMA algorithm [6] and BiMMeR’s
BMR algorithm [16]. Here we introduce two new algorithms (the MM3 algorithm and the MM,
algorithm). We also introduce the MM 5 algorithm that is a generalized version of BiMMeR’s BMR
algorithm and can deal with non-square matrices. Each MM algorithm has two orthogonal versions
(i.e., row and column versions) but we only discuss the row versions here due to the limitation of
space (pseudocodes of the column versions are provided in [12]).

Our first algorithm, MM3 row version, is given by the process-(p, ¢) pseudocode in Figure 13
and is illustrated in Figure 14. The MM3 algorithm is a direct extension of Fox’s algorithm to deal
with non-square grids. Initially, each block of matrix A that locally matches the block of matrix B
is selected for broadcast (Figure 14a). The remaining blocks of matrix A will be broadcast in the
last additional broadcast step. Thus, there is one more broadcast step (total of @ 4+ 1 broadcasts)
of matrix A than that of Fox’s algorithm.

To achieve quasi-optimal performance of a parallel algorithm, one must balance the work load
of each process in addition to reducing communication costs where possible. In order to balance
both computation and communication in the above algorithm, it is evident that we must have
that Ay 4 is ma X ny for all p, ¢, and that By, is mp X np for all p, g. However, instantiations
of algorithm MM3 are generally loosely synchronous. As a result, the algorithm may display sub-
optimal performance because of idle time accumulated by processes waiting for “not-yet-used” rows
of B. For example, let Ajs412 and Bisxo be linearly distributed on a 6 X 2 process grid, so that
each A, 4 is 2 X 6 and each By, is 2 X 1. Consider using MM3 to multiply A and B, Figure 15
illustrates the affect of loose synchronization. We see that process rows are sometimes forced to
wait for new components of B.

Algorithm MM, attempts to fix this synchronization problem by using a slide primitive at the
initial stage to rearrange the local indices of matrices A and B. Algorithm MM, row version is
given by the process-(p, ¢) pseudocode in Figure 16 and is illustrated in Figure 17.
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algorithm MM3; [row version/
C = pC;
(k7)< VA(/I'Bl(p:():P: Mp),Q, Na);
S « row broadcast(x) A(. j.);
a = 0; ry = Q@
b :=0; rp := P;
while (rg > 0)
= min{(ng —a),(mp — b)};
= C+ aS(:,a:a—I—r)B(b:b—I—r,:);
a = a+7r; b= b+
if (a = ng) then
k := (k+1)mod Q;
if (r4 > 1) then
S « row broadcast () 4;
else if (r4 = 1) then

Q*R

//scale matrix C
//get col index of A matching row 0 of B
/ /row broadcast submatrix A at root k&

//initialization

//repeat P times

//calculate the maximum # of inner indices
//update local matrix C

//matrix A has used all of the data
//get next root

//if it is not the last step

/ /row broadcast matrix A at root k
//if it is the last step

S « row broadcast() A(..j_1); / /row broadcast submatrix A at root k&

end if
a = 0; 714 1= 714 —1;
end if

if (b = mp) then
col shift(_y o) B;
b :=0; rp
end if
end while
end algorithm

= rg — 1

//matrix B has used all of the data
//column shift matrix B

Figure 13: Pseudocode for MM3 algorithm row version.
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A S B

dp,0 @o,2 40,4|@0,1 0,3 @05 00,0 @0,2]20,4 bo,0 boa bo,2 bo3
aio @12 a1,4]@11 41,3 A1 5 aipo a1,2|1a1,4 bao b2 by by3
a0 @22 24|21 @23 G325 a2.0 G2,2|02,4

a3 @3,2|23,4[a3,1 23,3 435 az o a3,2[a3,4 bao b4 bao D43
G40 G42|Q4,4]021 d2,3 Qa5 Q40 Q42244 bio b1 bi2 bi3
a50 @5,2(A5,4|Q5,1 @53 45,5 a50 G5,2105,4

Q6,0 06,2 06,4|06,1(46,3 6,5 Q6,0 [06,3 T6,5 b3 o 031 b3 o 033
azo 472 (1,7,4F,1 a73 a7 a70047,3 75 b5,0 b5,1 b5,2 b5,3

Figure 14a (MM 3 example): Processes (0,0), (1,0), and (2, 1) row broadcast their data. S is a temporary
buffer storing the local matrix broadcast. Each process computes as much of the matrix multiplication as

can be done locally (data in S used in the multiplies are marked with solid boxes).

A S B

Qp,0 @0,2 40,4|@0,1 30,3 @05 0G,6786,31 ao,4 bo,0 boa bo,2 bo3
ai,0 @12 A1,4|G11 41,3 Q15 a1,0 @1,2ia1,4 bao b2 by by3
a0 @22 G2,4(Q21 G423 G325 2.0 G2 2:02 4
a3z @32 @3,4)|a3,1 23,3 435 a3z 1]a3,3 as;s bao Da1 by o 043

.‘_ b b b b
Qa0 @42 A4,4]|04,1 Q4,3 Q45 4,1|04,3 Qa5 bio b1 bi2 bi3
G50 G52 A5,4|A5,1 @53 455 a5.1|05,3 5,5
6,0 06,2 U6,4|06,1 U6,3 6,5 Qg0 illg37 U6 5 b3 o 031 b3 o 033
ar0 Q7,2 A7,4|Q7,1 A7,3 Q75 ar,0i073 ar.5 bso b5 bs 2 bs3

Figure 14b (MM3 example): Process (1, 1) row broadcasts its data, then processes (1,q), where ¢ = 0, 1,
compute as much of the matrix multiplication as can be done locally (data in S already used are marked

with dashed boxes). B then undergoes col shift(_1 o) (this is actually a loosely synchronous communication
step).

A S B

Qp,0 @02 40,4|@0,1 30,3 @05 0G,6786,3i[a0,4 bao ban ba bas
ai,0 @12 A1,4|G11 41,3 Q15 a1,0 a1,2a1,4 bio b1 bi2 bi3
a0 @22 G2,4(Q21 G423 G325 a2.0 G2 2102 4

a3z @3,2 @3,4(43,1 43,3 A3 5 a371]a3,3 a35 b3 o 031 b3 o 033
Qa0 Q42 A4,4|041 Q4.3 Q45 a4,1i|G4,3 Qa5 bso b5 bs 2 bs3
a50 @52 45,4(A5,1 @53 455 a5 1105.3 45 5

6,0 U6,2 Us,4|06,1 26,3 Q65 0s,0 06,2| 06,4 bo,o bo,1 bo,2 0o3
aro arp a7 4[@r1 d73 ars ar,0 072|074 bao b2 by by3

Figure 14c (MMj3 example): Process (2,0) row broadcasts its data, then each process computes as much

of the matrix multiplication as can be done locally.
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A S
ap,0 @p,2 @0,4|20,1 40,3 40,5 ag,1|@0,3 Q0,5
@10 @12 @1,4]|Q1,1 1,3 A1,5 @1,1|1@1,3 A1,5
a20 @22 A2,4]|Q21 G423 G255 42,1|G2,3 Q25
a3 0 @32 43,4(23,1 43,3 435 a3 1H03 37035
Qg0 Ag,2 A4,4|Q41 @43 G455 aa5
a50 @52 45,4(A5,1 @53 455 as 5
ag0 Gg,2 U6,4|06,1 06,3 G6,5 g 4
G700 Q72 Q74|Q71 Q73 Q75 Q7.4

B
byo ba; by ba3
bio b1 bio b13
b3 o 031 b3 o 033
bs o bs1 bs o bs33
bo,o bo,1 bo,2 0o3
byo b2 byo b3

Figure 14d (MM3 example): Process (0, 1) row broadcasts its data, then processes (0,q), where ¢ = 0, 1,

compute as much of the matrix multiplication as can be done locally. B then undergoes col shift(_; o).

ap,0
a1,0
a2.0

ag,2
ay,2
az 2

A

ag,4
1,4
a3 4

ap,1
a1,1
a1

ap,3
a1,3
az.3

ag5
a5
a5

ap,3 4o,5

a3 435

a3,0
a4.0
as5.0

az o
ag.2
a5 2

3,4

as,1

4,4
a5, 4

4,1
as.1

a3.3
a4.3
as 3

a3 s
aa5
as 5

g0
a7.0

g 2
a7 .2

g 4
Q7.4

g1
a1

g3
a3

ag 5
a5

B
b3 o b31 b3o b33
bs o bs1 bs o bs33
bo,0 bo,1 bo2 bo3
bao b2 byo b3
bao b4 bao D43
bio b1 1,2 bi3

Figure 14e (MMj3 example): Process (1,0) row broadcasts its data, then each process computes as much

of the matrix multiplication as can be done locally.

ap,0
a1,0
a2.0

ag,2
ay,2
az 2

A

ag,4
1,4
a3 4

ap,1
a1,1
a1

ap,3
a1,3
az.3

ag5
a5
a5

S

a3.0
a4.0
as.0

az o
ag.2
as 2

a3 4
Qg4
as 4

a3 1
Qg1
as.1

a3 3
a4.3
as 3

a3 s
aa5
as 5

0,1

aG,37005

g0
a7.0

ag 2
a2

g 4
a7.4

g1
a7.1

g3
a3

ag 5
a5

Figure 14f (MM3 example):

compute the remainder of the multiplies. Then, B undergoes col shift(_; o), restoring the original distribution

of matrix B.

a7 o Q7.4

B
b3 o b31 b3o b33
bs o bs1 bs o bs33
bo,o bo,1 bo,2 0o3
byo b2 byo b3
bao b4 bao D43
bio b1 1,2 bi3

Process (2,1) row broadcasts its data, processes (2,¢), where ¢ = 0,1,
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row0 [bfelsfe]l [sfe] [sble]se] [sfe] [s]
row1 [ b [c] s [¢] [ s [ & [c] s [¢] I [ s b ]e]s |
row2 [ blels[bfelse] [sfe] [s[ble]s]e] [s]
row3 [ b el sfe] [sfe]l [s[ofe]se] [s]e] [s]
row4 | b Je] s [¢] | s [ b [c] s [c] [ s [<] [ s 16 c]s]
row5 Lblel s[bJelsef [sJe[ [s[ole[s]e] [s]
| | |

to t

Figure 15: The qualitative affect of loose synchronization for algorithm M M5 multiplying matrices 41212

and Bjsx2, linearly distributed on a 6 x 2 process grid. The letters b, ¢, and s represent broadcast, compu-

tation, and shift, respectively. Time ¢; is required to complete the multiplication, whereas time ¢y would be

required if the algorithm were synchronous.

algorithm MM, [row version/
C = pC;
(k7)< VA(:U'Bl(Z% 0,P, Mg),Q, Na);
row slide(q, _jy A;
S « row broadcast(yy A;

a = 0; ry = Q@
b :=0; rp := P;
while (rg > 0)

r := min{(ns —a),(mp —0b)};
C =C+ aS(:,a:a—I—r)B(b:b—I—r,:);
a = a+7r; b= b+
if (a = ng) then

if (r4 > 1) then

k := (k+1)mod Q;

S « row broadcast () 4;
end if
a = 0; 714 1= 714 —1;

end if
if (b = mp) then
col shift(_y o) B;
b :=0; rp
end if
end while

slide(o jy 4;

= rg — 1

end algorithm

//scale matrix C

//get col index of A matching row 0 of B
//initial row slide of matrix A

/ /row broadcast matrix A at root k

//initialization

//repeat P times

//calculate the maximum # of inner indices
//update local matrix C

//matrix A has used all of the data

//get next root
/ /row broadcast matrix A at root k

//matrix B has used all of the data
//column shift matrix B

/ [restore initial data distribution of A

Figure 16: Pseudocode for MM, algorithm row version.



ap,0
a1,0
a2.0

ag,2
ay,2
az 2

ag,4
1,4
a3 4

ap,1
a1,1
a1

ap,3
a1,3
az.3

ag5
a5
a5

a3,0
a4.0
as5.0

az o
ag.2
a5 2

a3 4
4

Qg4
as 4

az 1
Qg1
as.1

a3 3
a4.3
as5.3

a3 s
aa5
as 5

ag,0
a7.0

Figure 17a (MM, example):

g 2
a7 .2

g 4

4
a7.4

ag,1
a7.1

1, and 2, respectively.

g3
a3

ag 5
a5

B
bo,o bo,1 bo,2 bo,3
2,0 b1 byo b3
bao b4 bao D43
1,0 b1 bio b13
b3 o 031 b3 o 033
5,0 bs1 bs o bs33

A S B

dp,0 @o,2 40,4|@0,1 0,3 @05 ap,0 @0,2]20,4 bo,0 boa bo,2 bo3
aio @12 a1,4]@11 41,3 A1 5 aipo a1,2|1a1,4 2,0 021 by by3
a0 @22 24|21 @23 G325 a2.0 G2,2|02,4

a3,4 @31 @3,3|a35 23,0 432 3.4 03,1|03,3 bao b4 bao D43
Qg4 Q41 A43]Q45 Qap Q4,2 Q4,4 041|043 bio b1 bi2 bi3
as5.4 @51 A53|A55 G50 45,2 as5.4 051|053

ae,2 06,4 U6,1]|06,3 U6,5 46,0 06,3 06,5|U6,0 b3 o 031 b3 o 033
ar2 ara a7,1|a7,3 A75 A70 ar3 arslaro bso b5 bs 2 bs3
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Processes undergo slide(y _¢) A, where ¢ = 0, 2, and 1 for process rows 0,

Figure 17b (MM, example): Processes (0,0), (1,0), and (2, 1) row broadcast their data. S is a temporary

buffer storing the local matrix broadcast. Each process computes as much of the matrix multiplication as

can be done locally. B then undergoes col shift(_; ).

ap,0
a1,0
a2.0

ag,2
ay,2
az 2

A

ag,4
1,4
a3 4

ap,1
a1,1
a1

ap,3
a1,3
az.3

ag5
a5
a5

a3 4
Qg4
as 4

a3 1
Qg1
as.1

a3 3
a4.3
as 3

a3 s
aa5
as 5

a3.0
a4.0
as.0

az o
ag.2
as 2

g 2
a7 .2

Figure 17c (MM, example): Each process

locally.

g 4
Q7.4

g1
a1

g3
a3

ag 5
a5

g0
a7.0

S B

Q0,4 bao ban ba bas
ai1,4 bio b1 bi2 bi3
3.4

as,3 b3 o 031 b3 o 033
Q4,3 bso b5 bs 2 bs3
as5.3

6,0 bo,o bo,1 bo,2 0o3
ar,0 bao b2 by by3

computes as much of the matrix multiplication as can be done
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A S B

Qp,0 @02 40,4[@0,1 30,3 @05 ap,1]@0,3 20,5 bao ban ba bas
aio @12 a1,4|@1,1 21,3 @15 ai1|ai,3 a1 bio b1 bi2 bi3
a20 @22 A2,4]|Q21 G423 G255 42,1|G2,3 Q25
a3 @31 @3.3[|a35 43,0 432 a3 5|a3,0 43,2 b3 o D31 b3 o b33

.‘_ b b b b
Qg,4 @471 A33|045 Qa0 Q4,2 a4,5|Q4,0 Q4,2 bso b5 bs 2 bs3
G54 @51 A53]|A55 G50 45,2 a5 5|05,0 45,2
ae,2 Ug,4 Ug,1|06,3 Q6,5 6,0 Qg 2]a6,4 Q6,1 bo,0 bo,1 bo,2 0o 3
ar2 Q74 A71)A7,3 A75 Q70 aralar.a a7l bao b2 by by3

Figure 17d (MM 4 example): Processes (0,1), (1, 1), and (2,0) row broadcast their data, then each process

computes as much of the matrix multiplication as can be done locally. B then undergoes col shift(_; ).

A S B

Qp,0 @0,2 40,4|@0,1 30,3 @05 05,1i@0,3 Q0,5 b3 o b31 b3 b33
ai,0 @12 A1,4|G11 41,3 Q15 a1,1id1,3 a1,5 bso b5 bs 2 bs3
a0 @22 G2,4(Q21 G423 G325 a2 1023 d2.5

a3 @31 43,3435 43,0 432 a375]a3,0 a3,2 bo,o bo,1 bo,2 0o3
Qg4 Q41 A43|045 Qa0 A4,2 a4,5{04,0 Q4,2 bao b2 by by3
a5.4 @51 53|55 G50 5,2 as 51050 452

ae,2 06,4 06,1|06,3 U6,5 06,0 g 56,4 6,1 bao b4 bao D43
ar2 Q74 A7,1|Q7,3 A7,5 470 aroidra a7 bio b1 bi2 bi3

Figure 17e (MM, example):

Each process

locally. B then undergoes col shift(_; o).

ap,0
a1,0
a2.0

ag,2
ay,2
az 2

ag,4
1,4
a3 4

ap,3
a1,3
az.3

ag5
a5
a5

a3 4
Qg4
as 4

az 1
Qg1
as.1

a3 3
a4.3
as5.3

a3,0
a4.0
as5.0

az o
ag.2
a5 2

g 2
a7 .2

Figure 17f (MM, example):

A.

g 4
Q7.4

ag,1
a7.1

ag 5
a5

ag,0
a7.0

computes as much of the matrix multiplication as can be done

B
bo,o bo,1 bo,2 bo,3
byo b2 byo b3
bao b4 bao D43
bio b1 bio b13
b3 o 031 b3 o 033
bs o bs1 bs o bs3

Processes undergo slide(y ;) A to restore the originial distribution of matrix
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The MM5 (a generalization of BiMMeR’s BMR algorithm) uses another approach to extend
Fox’s algorithm. It works to broadcast the exact amount of columns of matrix A that can be
locally multiplied to matrix B [15, 16]. The number of columns of matrix A broadcast is limited
by the number of rows of matrix B in each process row. There are exactly P steps of broadcast of
matrix A. However, when the grid shape is P > @), the columns of matrix A to be broadcast may
lie in two processes. Thus, this broadcasting step will include two smaller broadcasts of matrix
A. When the grid shape is P < @, the columns of matrix A to be broadcast may lie in more
than two processes. This broadcasting step is expensive. So the row version of MMy algorithm
will be only applied for the P > @ grid shape situation and the column version of MMy algorithm
can only apply for the @ > P grid shape situation. Algorithm MMy row version is given by the
process-(p, ¢) pseudocode in Figure 18 and Figure 19 illustrates the behavior of MMs row version
for dealing with a non-square grid and non-square matrices.

algorithm MMys [row version P > Q]

C = BC; //scale matrix C

(k,j) v (,u,gl(p,O,P, MgB),Q,Na); //get col index of A matching row 0 of B
rg = P, //initialization

while (rg > 0) //repeat P times

if (_7 + mp > nA) then
S(: mp—j) < Tow broadcasty) A(:,j:);//two broadcasts at roots k and £+ 1

S(:;mp:) < row broadcast(ri1modQ) A(;mp+i—na);

else
S « row broadcast(zy A(.;.); //only one broadcast at root k
C = C+aSB; //update local matrix C
if (j + mp > nya) then
k := (k+1)mod Q; //get next root
Jj = (J+ mp) mod nu; //get next submatrix A in the next root
else
j = j+mp //get next submatrix A in the same root
col shift(_y o) B; //column shift matrix B
rg = rg— 1
end while

end algorithm

Figure 18: Pseudocode for MM; algorithm row version.
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A S B

Q0,0 @0,2|%0,4|%0,1 Q0,3 Q0,5 ap,0 40,2 bo,0 boa bo,2 bo3
Q1,0 @1,2[A1,4]d1,1 Q1,3 Q1,5 ai,0 01,2 bao b2 by by3
a0 @2.2(02,4(Q2,1 G423 A25 a0 G2,2

az,0 a3,2[a3,4|a3,1 43,3 A3 5 as 4 bao b4 bao D43
G40 Q4,2|Q44]04 1 Xa,3 Qa5 Q4.4 bio b1 bi2 bi3
a50 @5,2(A5,4|Q5,1 @53 45,5 as 4

Q6,0 06,2 06,4|06,1(46,3 6,5 6,3 06,5 b3 o 031 b3 o 033
azo 472 (1,7,4F,1 a73 A75 a73 ars b5,0 b5,1 b5,2 b5,3

Figure 19a (MM example): Processes (0,0), (1,0), and (2, 1) row broadcast their data. S is a temporary

buffer storing the local matrix broadcast.

A S B

Qo,0 Q0,2 A0,4|Q0,1 Q0,3 40,5 40,0 00,2 bo,0 boa bo,2 bo3
Q1,0 @1,2 A1,4|Q1,1 21,3 Q1,5 ai,0 01,2 bao b2 by by3
a0 @22 G2,4(Q21 G423 G325 a0 G2.2

830 032 03 4[@31 P3,3 @35 a3z 4 43,1 bao b4 bao D43
Q4,0 Q4,2 A4,4]A4,1 4,3 Q4,5 Q4,4 Q4,1 bio b1 bi2 bi3
G50 G52 A5,4(d5,1 P53 45,5 as 4 051

6,0 06,2 06,4|06,1 46,3 06,5 6,3 Ug,5 b3o b3 bz o b33
a70 Q72 G74|G71 @73 A75 a73 a7 b5,0 b5,1 b5,2 b5,3

Figure 19b (MM5 example): Process (1,1) row broadcasts its data. Each process computes as much
of the multiply as can be done locally (data in S used in multiplies are marked with solid boxes). Then B
undergoes shift(_; o).

A S B

Q0,0 Q0,2[0,4]0,1 Q0,3 0,5 ap,4 bao ban ba ba3
a1,0 a12|@14]@11 41,3 A1,5 ai,a bio b1 bi2 bi3
a0 @2,2(02,4|Q2,1 G423 G325 a3 4

a3,0 43,2 a_e,‘iﬁ a3 3 a35 az3 ass b3 o 031 b3 o 033
Q4,0 Q4,2 A4,4|04,1|0Q4,3 Q4,5 Q43 Q4.5 bso b5 bs 2 bs3
a50 @5,2 5,4(05,1|05,3 5.5 a5.3 455

86,0 06,2|06,4|06,1 36,3 G5 Q6,0 06,2 bo,o bo,1 bo,2 0o3
Q70 A72|a7,4|071 Q7,3 Q75 a7,0 a7,2 bg,o bg,l bg,g b2,3

Figure 19¢ (MM5 example): Processes (0,0), (1,1), and (2, 0) row broadcast their data.
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A S
ap,0 @o,2 40,4 |20,1 0,3 @0,5 ap,4 40,1
@10 @12 @1,4(@1,1 F1,3 A1,5 a1,4 @11
a0 @22 A2,4(A2,1 2,3 2.5 a4 G231
a3 0 @32 43,4(23,1 43,3 435 a3,3 435
Qg0 Ag,2 A4,4|Q41 @43 G455 A4.3 Q4.5
a50 @52 45,4(A5,1 @53 455 a5 3 455
ag0 Gg,2 U6,4|06,1 06,3 G6,5 ag,0 06,2
G700 Q72 Q74|Q71 Q73 Q75 a7.0 Q7.2

Figure 19d (MMj5 example):
the multiply as can be done locally. Then B undergoes shift(_; ).

B
byo ba; by ba3
bio b1 bio b13
b3 o 031 b3 o 033
bs o bs1 bs o bs33
bo,0 bo,1 bo2 bo3
bao b2 byo b3

Process (0, 1) row broadcasts its data. Each process computes as much of

A S
ap,0 Go,2 a_odi a9,1(@0,3 40,5 ag,3 Go,5
a1,0 @12 A1.4]G1,1|21,3 G1.5 a13 a15
a0 @22 G2,4(Q2,1|42,3 2.5 a3 G35
a3, 0 @3,2|43,4|43,1 43,3 435 a3,0 a3,2
a40 A42(04,4|0a,1 Q4,3 A4 5 Agq,0 (4,2
a5 0 @52(05,4(85,1 @53 45,5 as5.0 45,2
ag0 Gg,2(06,4|06,1 06,3 46,5 g 4
aro aralarqldry d7 3 ars ar.4

Figure 19e (MM5 example):

B
b3 o b3 b3o b33
bs o bs1 bs o bs3
bo,o bo,1 bo,2 0o3
byo b2 byo b3
bao b4 bao D43
bio b1 bio b13

Processes (0,1), (1,0), and (2, 1) row broadcast their data.

A S
ap,0 @p,2 @0,4|Q20,1 @0,3 G0,5 ag,3 4o,5
@10 @12 A1,4(Q1,1 41,3 A1,5 a1,3 G1,5
a0 @22 G2,4(Q21 G423 G325 3.3 G35
a3 0 @32 43,4(23,1 43,3 435 a3,0 43,2
Qg0 Ag,2 A4,4|Q41 @43 G455 Agq,0 (4,2
a50 @52 45,4(A5,1 @53 455 as5.0 G52
a0 Gg2 U6,4]|06,1|06,3 G6,5 g4 06,1
a70 @72 A74|Q7,1]|073 A75 a7.4 Q71

Figure 19f (MMj5 example):
of the multiply as can be done locally. Then B undergoes shift(_; o), restoring the original distribution of

matrix B.

B
b3 o b31 b3o b33
bs o bs1 bs o bs33
bo,o bo,1 bo,2 0o3
byo b2 byo b3
bao b4 bao D43
bio b1 bio b13

Process (2,1) row broadcasts its data. Each process computes as much
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3.5 The Broadcast-Broadcast approach

The Broadcast-Broadcast approach is a new approach for parallel dense matrix multiplication. The

only communication primitive used is the broadcast primitive. The advantage of this approach is

the simplicity of implementation. There is no initial data movement like the align of Cannon’s
algorithms and the slide of the MM, algorithm and the implementation of broadcast is simple
than that of shift. Also, both the computation and the communication in this algorithm are more

synchronous. Our new algorithm BB is given by the process-(p, ¢) pseudocode in Figure 20 and is

illustrated in Figure 21.

algorithm BB

C = pC;
ra = rg = 0;
a = ny = 0
b = mp = 0;
while ((r4 < @) or (r < P))
if ((a=n4) and (r4 < @)) then
A — row broadcast(, ,) 4;
rg = ra4a+1; a := 0
end if

if (b =mp) and (rg < P)) then
B « col broadcast(,,) B;
rg := rg+1; b := 0;
end if
r = min{(n; —a),(mg — b)};
C = C+ aA(:,a:a—I—r)B(b:b—I—r,:);
a = a+7r; b= b+
end while
end algorithm

//scale matrix C
//initial roots for broadcast

//initialization
//repeat max(P, Q) times
//matrix A has used all of the data

/ /row broadcast matrix A at root 74

//matrix B has used all of the data
//column broadcast matrix B at root g

//calculate the maximum # of inner indices
//update local matrix C

Figure 20: Pseudocode for BB algorithm.




A

ap,0 40,2
a1,0 G1,2
a2.0 42,2

ag,4
1,4
3.4

ap,1
a1,1
a1

ap,3
1,3
az.3

ag5
a5
a5

a3,0 43,2
Agq,0 (4,2
a5.0 45,2

a3 4
Qg4
as.4

a3 1
ag.1
as.1

a3.3
4,3
as 3

a3 s
aa5
as 5

ag,0 06,2
Q7.0 Q7.2

ag 4
a7 4

g1

a1

6.3
7,3

Figure 21a (BB example):

and (2,0) row broadcast matrix A and processes (0,0) and (0, 1) col broadcast matrix B.

A

ap,0 40,2
a1,0 G1,2
a0 G322

ag,4
1,4
a3 4

ag,0
a1,0
a3.0

ag,2
ay,2
a3 2

ag 5
a5

B
0o,0 00,1 bo,2 00,3
2,0 ba1 2.2 bag
b4,0‘ b1 b4,2‘ ba3
by 0"b1,1 by 2Yb1,3
b3,0"bs,1 b3,2 [b3,3
bs o Y05 1 bs 2 Vb5 3
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Initial data distributions of matrix 4 and matrix B. Processes (0,0), (1,0),

ag,4
1,4
a3 4

a3,0 43,2
Agq,0 (4,2
a5.0 45,2

a3 4
Qg4
as 4

a3.0
a4.0
as5.0

az o
ag.2
a5 2

a3 4
Qg4
as 4

ag,0 06,2
a7.0 Q72

g 4
Q7.4

ag,0
a7.0

ag 2
a7 2

Figure 21b (BB example):

g 4
Q7.4

B
0o,0 00,1 bo,2 00,3
2,0 bag 2.2 bag
00,0 00,1 bo2 00,3
bag bag 22 ba3
0o,0 00,1 bo,2 00,3
bag bag 2.2 bag

Matrix A and matrix B are temporary buffers storing the local matrices

broadcast. Each process computes as much of the matrix multiplication as can be done locally (data in A

and B used for matrix multiplication are marked with solid boxes). Matrix B has used all of the data and

will be broadcast.

ag,4
1,4
3.4

ag,4
1,4
3.4

a3 4
Qg4
as 4

a3 4
Qg4
as 4

g 4
a7 4

g 4

a7 4

Figure 21c (BB example):

as much of the matrix multiplication as can be done locally (data in A already used are marked with dashed

boxes). Matrix A has used all of the data and will be broadcast.

B
b4,0] ba1 ba,2|ba,3
101011 bi2|b13
b4,0] 04,1 b4,2] 04,3
101011 bi2|b13
b4,0]04,1 b4,2] 04,3
biolbi1 bi2|b13

After processes (1,0) and (1, 1) col broadcast matrix B, each process computes
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A B
ag,11@0,3 @0,5|20,1|40,3 @0,5 04,0404,1 b4,2i04,3
d1,1|41,3 @15(41,1|41,3 1,5 b10ilb1.1 b1,2ib1.3
311423 A2,5]42,1|42,3 G325
a3,11@3,3 43,5]23,1|43,3 43,5 04,004,1 b4,2104,3
a41|aa3 ag5las1|ass ass b1.0ib11 b1,2i1013
a5.1105,3 45,5]|5,1|05,3 G55
Gg,1106,3 Ug,5|d6,1|06,3 46,5 04,0404,1 b4,2i04,3
arilarz arslari|arz ars by0db11 b1,2b01,3

Figure 21d (BB example): After processes (0,1), (1,1), and (2,1) row broadcast matrix A4, each process
computes as much of the matrix multiplication as can be done locally. Matrix B has used all of the data
and will be broadcast.

A B
06.1i@0,3 o,5f10,1{0,3 G0,5 030 03,1 b3z b33
a1,1ila1 3 a1 5fa1,14a1,3 a15 bso bs1 52 bs3
a2 1023 d25fA2 14d23 25
a31]a3,3 23,5F23,1]C3,3 23,5 030 031 b3 2 033
dgq,1104,3 Q4 5FQ4 1:04,3 4.5 bso bsg 52 bs3
a5 14253 a5,5[a5,11{d53 d5.5
06.1106,3 06 5f06.1]6,3 06,5 030 03,1 b3z b33
arilars arsfariiars ars bsq bs1 bs o bs3

Figure 21e (BB example): After processes (2,0) and (2,1) col broadcast matrix B, each process computes
as much of the matrix multiplication as can be done locally. Matrix A row broadcasts @ (here @ = 2) times
and matrix B column broadcasts P (here P = 3) times. The algorithm finished.
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4 Theoretical Analysis

In this section, we present the communication cost analysis and the memory requirement anal-
ysis for the matrix multiplication algorithms. First, we analyze the communication cost for the
communication primitives used by these algorithms. Then, we discuss the communication cost for
each matrix multiplication algorithm and give the asymptotic analysis of the incremental memory
requirement of each algorithm. Finally, we discuss the poly-algorithmic approach for parallel dense
matrix multiplication.

The following communication cost analysis is based on a two-dimensional logical process grid
topology. A logical process grid can be mapped to a set of physical processors [20]. Figure 22 gives
an example of how to map a logical grid to a physical processor mesh. The purpose of the analysis
is to provide a relatively simple theoretical performance model, although the physical processor
topologies may be complicated and have distinct features. Here is the message-passing model. Let
a be the startup time for a single message transmission. Let 8~! be the bandwidth in both the
row and column dimensions of the logical process grid. Also, let ¢ be the contention factor for both
the row and column dimensions, say, ¢ = 1 for a torus while ¢ = 2 for a mesh.

Again, the process grid Gpyx o has P rows and ¢ columns. Matrix A is of dimension M X K,
matrix B is of dimension K X N, and thus matrix C' is of M X N. For the purpose of this analysis,
we assume that matrices are evenly distributed on the grid Gpyx g, the local matrix size of matrix

K N

Ais [¥x %1, the local matrix size of matrix B is [£ X ¢7], and the local matrix size of matrix C

is [% X E]. We also assume that the matrix elements are represented using k& bytes, such as £ = 8
for double precision float point numbers.

A Logical Grid A Physical Processor Mesh
4 /Q 1) 4 )
0,0 0,1 0,2 2
SN
1,0 \1;1/ 1,2 3 }\/Iapping‘ 5
2,0 2,1 2,2 8
SN
3,0 3,1 3,2 11
-6
U U o /

Figure 22: Conceptual mapping from a 2-dimensional logical process grid to a physical processor mesh.
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4.1 Communication cost analysis for communication primitives

First, we discuss the cost of communication primitives (i.e., broadcast, slide, align, and shift) based
on one dimension (either row or column dimension) of the logical process grid; the same results
apply to the other dimension. Suppose that there are p processes and message length is [ bytes.

For the broadcast primitive, assuming a minimum spanning tree is used and thus there is no
contention, the communication cost is modelled by:

Throadcast = (a + /Bl) log p. (4)

The slide primitive transfers part of the local data to the neighbor process, thus the maximum
amount of message transferred is less than [. The maximum communication cost of slide primitive

is approximately modelled by:

Tystige = @ + AL, (5)

where ¢ will account for contention.

In the stride primitive of stride g, each process 7 sends the local data to process (¢ + ¢) mod p.
Thus, the maximum communication cost of stride primitive is modelled by:

Tstride = @ + B, (6)

where ¢ will account for contention.
Combining Equation 5 and Equation 6, the maximum communication cost of align primitive is

modelled by:

Ta]ign = Tglide T Tstride

= 2(a+ cpl). (7)

In the shift primitive, each process transfers its local data to its neighbor process. The commu-
nication cost is modelled by:

Tspify = o + cfl, (8)

where ¢ will account for contention.

4.2 Communication cost analysis for matrix multiplication algorithms

Assuming above models, we present the following analysis for the matrix multiplication algorithms.

4.2.1 Cannon’s approach (the 2D-Systolic approach)

Consider the initial alignment of matrix A along the row dimension, the communication cost for
the align primitive is as follows:

TA_row_al'ign = 2(a + clgk [J\]{—g—‘ ) (9)
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Similarly, the initial alignment of matrix B takes:

TB_col_al'ign = 2(a + clgk [%—‘ ) (10)

For the matrix C-stationary version, matrix A will be shifted along the row dimension and
matrix B will be shifted along the column dimension. Each row shift primitive of matrix A takes
c(a+ ﬂk[ﬂg—g]) and there are @ such shifts. The total cost for shift A is modelled by:

MK

T4 row_shift = Q(a + Bk [ww )- (11)
The matrix B will be shifted P times in the column dimension, thus
TB _col_shift = P(a + cfBk [%w )- (12)
The total communication cost of matrix C-stationary version is, in combination, modelled as follows:
Tc comm = 2(Ta row_align + TB_col_atign) + Ta_row_shift + TB _col_shift
_ (8—|—P—|—Q)a—|—Cﬂk[4MK+4KN;QQMK+PKNW- (13)

For the matrix A-stationary version, matrix B will be shifted along both the row and column
dimensions and matrix C' will be shifted along the row dimension. The total communication cost
of matrix A-stationary version is modelled as follows:

Tacomm = 2(Ta_rowatign T TB col_atign) + TB row_shift + TB_col_shift + TC _row_shift
_ (8+P_I_2Q)a+cﬂkVLMK—I—ﬁLKN—I—Qﬁg—I—PKN—I—QMNL (14)
where
TB rowshift = Q(a+cBk [%w ), (15)
TB colshift = Pla+cfk [%w ), (16)
T rowshift = Qo+ cfk V\]{—gw ) (17)

For the matrix B-stationary version, matrix A will be shifted along both the row and column
dimensions and matrix C will be shifted along the column dimension. The total communication
cost of matrix B-stationary version is modelled as follows:

TB_comm - 2(TA_row_al'ign + TB_col_al'ign) + TA_row_sh'ift + TA_col_sh'ift + TC_col_sh'ift



36

4MK—|—4KN—|—QMK—|—PMK—|—PMNW

= (8+2P+Q)a+cﬂk[ PQ

where

TA_row_sh'ift = Q(Oé + clgk [J\]{—g-‘ )7 (19)

T4 col_shift = P(a-l-cﬂk“]{—gb: (20)

MN

TC col_shift = P(a-I-Cﬂk[wb- (21)

Evidently, based on above formulas we can reduce the communication cost by choosing the
appropriate version of Cannon’s algorithms that allows the matrix with the largest size to remain
stationary. However, we should also consider the communication overhead introduced by versions A
and B. In both cases, one matrix (either matrix A or matrix B) will be shifted in both dimensions.
Intuitively, if matrix A has a really large size, we can leave matrix A remain stationary and vice
verse.

4.2.2 Fox’s approach (the Broadcast-Multiply-Roll approach)

For algorithm MM3 row version, the matrix A will be broadcast @ + 1 times. In the first broadcast
step, part of the local matrix will be broadcast and the remaining part will be broadcast in the
last one. For the other ) — 1 times of broadcast, the whole local matrix will be broadcast. The
communication cost for the row broadcast of matrix A is modelled as follows:

MK
77

Matrix B will be shifted P times along the column dimension and the communication cost is
modelled as follows:

TA_row_broadcast = (Q + 1) log Qa + /BQ log Qk [ (22)

TB col_shift = P(a+ cfk [%w )- (23)

The total communication cost is modelled by:

KN MKlo
TMMSrow_comm = (P + Q log Q + log Q)a + clgk [?-‘ + ng [Tgcz—‘ . (24)
Similarly, the communication cost of the column version of algorithm MM3 is modelled by:
MK KNlog P
TMMScol_comm = (Q + PlOgP + log P)Oé + C/Bk [T—‘ + ng [Tg-‘ . (25)

Algorithm MM, initializes matrix A with a slide primitive. The communication cost of the row
version of algorithm MM, is modelled by:

TMM4row_comm - 2TA_row_sl'ide + TA_row_broadcast + TB_col_sh'ift
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B 2MK KN MKlog@
= (2+P+QlogQa+ cﬂk[ﬁ] n cﬂk[7] n ﬂk[T] (26)
and the cost of the column version of MM, is modelled by:
TMM4col_comm - 2TB_col_sl'ide + TB_col_broadcast + TA_row_sh'ift

2KN
PQ

KNlog P
Q

(2+Q+P1ogp)a+cﬂk[ ]+cﬂk[¥]+ﬂk[ ] (27)

For algorithms MM5, the row version applies only to the situation of P > ) as previously
mentioned. It broadcasts the exact amount of columns of matrix A that can be locally multiplied
to matrix B. Thus, there are exactly P steps of broadcast of matrix A. When P > @, the columns
of matrix A to be broadcast may lie in two processes. Thus, this step of broadcast will include
two smaller broadcasts. It’s hard to predict how many times this situation will occur, because it
is dependent on the grid shape. In the best situation (i.e., columns of A to be broadcast lie in one
process, actually when P is a multiple of @), the communication cost is modelled by:

MK log@

Tatatsrow_comm = (P + Plog Q)a + k[ “20| + gk .

Q

For the column version of MMy algorithm, the communication cost is modelled by:

w where P > Q. (28)

MK

KN log P
TMMScol_comm = (Q + QlogP)a + clgk’VT-‘ —I_/Bk[ig

) w where @ > P. (29)

4.2.3 The Broadcast-Broadcast approach

The BB algorithm is quite simple. The only communication primitive is broadcast. There is total
() times of the row broadcast of matrix A and P times of the column broadcast of matrix B. The
communication costs of broadcasts are modelled as follows:

T4 row broadcast = Q(a + B H{—gw )log @ (30)
and
TB_col broadecast = P + 3 [%blog P. (31)
The total communication cost is modelled by:
TBBcomm = TA row broadcast T+ IB col broadcast
= (QlogQ + Plog P)a + Bk [%}Og% + Bk [%] . (32)

Table 2 summarizes the communication cost of the parallel dense matrix multiplication algo-
rithms based on above analysis.
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Table 2: Communication Cost Models of Parallel Matrix Multiplication Algorithms
Algorithm Communication cost

Cannon C 84+ P+Q)a+ cﬂk[4MK+4KN;—QQMK+PKN"
Cannon A (84 P+2Q)a + cﬂk[4MK+4KN+Q§g+PKN+QMN“
Cannon B (84 2P + Q)a + cBk [4MK+4KN+Q1\;%<+PMK+PMNW
MMs row (P-I-QlOgQ—I—logQ)aJrCﬂk[%—Nw —|—ﬂk[ﬂlkgﬁw
MM3 col (Q —I—PlogP—l—logP)aﬁ—cﬂk[%w +ﬂk[%w
MM row (2+ P+ QlogQ)a + cfk [2K| 1 ok [KN] 1 pi[ MELeQ ]
MM, col (24 Q + Plog P)a + cﬂk[zKNw cﬂk[%w _I_IBk[KNéogP-‘
MMs row (P—I—PlogQ)a—|—cﬂk[Mw —I—ﬂk[MKngw

MMs5 col (Q + Qlog P)a + cBk [MTW _I_ng[KNéogP"

BB (QlogQ + Plog P)a + k| MEREQ | 1 gi [ KN el |

4.3 Memory requirement analysis

The following memory requirement analysis does not include the memory initially used for storing
matrices A, B, and C. It is the incremental memory (in bytes) required when using these algorithms.

4.83.1 Cannon’s approach (the 2D-Systolic approach)

Cannon’s algorithms are memory-efficient algorithms. During the local computation, no additional
memory is required. If we consider the shift primitive for shifting matrices, a temporary receiving
buffer is required. For the matrix C-stationary version, the incremental memory requirement is as
follows:

O(kmin(MK,KN)). (33)

For the matrix A-stationary version, the incremental memory requirement is given by,
O(kmin(KN,MN)) (34)
and for the matrix B-stationary version, the incremental memory requirement is as follows:

O(kmin(MK, MN)). (35)
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4.3.2 Fox’s approach (the Broadcast-Multiply-Roll approach)

Temporary memory is required to store the local matrix that is broadcast in either the row or
column dimension. Thus the incremental memory requirement of MM3 and MM, row versions is
as follows:

O(kMK). (36)

The incremental memory requirement of MM3 and MM, column versions is as follows:

O(kKN). (37)

The MM5 requires less memory than MM3; and MM,. For the row version of MM5, the
incremental memory requirement is as follows:
O(kMKQ/P) where P> Q. (38)

For the column version, the incremental memory requirement is as follows:

O(kKNP/Q) where@ > P. (39)

4.83.3 The Broadcast-Broadcast approach

For the BB algorithm, temporary memory is required to store both the local matrix A and the local
matrix B that are broadcast in the row and column dimensions respectively. Thus the incremental
memory requirement is as follows:

O(k(MK + KN)). (40)

Table 3 summarizes the incremental memory requirements of the matrix multiplication algo-
rithms based on previous analysis.

Table 3: Incremental Memory Requirements of Parallel Matrix Multiplication Algorithms
Algorithm H Incremental memory requirement (in bytes)
Cannon C O(kmin(MK,KN))

Cannon A O(kmin(KN,MN))

Cannon B O(kmin(MK,MN))

MM3; row O(kMK)

MM3 col O(kKN)

MM, row O(kMK)

MM, col O(kKN)

MMs row O(kMKQ/P)

MM col O(kKNP/Q)

BB O(k(MK + KN))
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4.4 Poly-algorithmic approach for parallel dense matrix multiplication

Evidence of the diverse memory costs and algorithmic performance indicates that no single algo-
rithm discussed above always achieves the best performance on different matrix shapes and grid
topologies. For Cannon’s approach, the initial alignment is expensive, but the advantage of Can-
non’s approach is that we can choose an appropriate version to minimize the amount of data
movement (which itself is a poly-algorithm). For example, if the size of matrix A is much larger
than that of matrix B and C, we can use Cannon’s matrix A-stationary version that leaves matrix
A remain stationary. Fox’s approach is suitable for extreme grid shapes. If the column dimension
of the grid is much larger than the row dimension (i.e., P > @), the row version algorithms can
be used. The BB algorithm works well when the process counts are small. This is because of the
communication cost of broadcast primitive in both dimensions.

A poly-algorithm is a practical approach to maximize performance by marrying multiple algo-
rithms. The poly-algorithmic approach refers to the use of a high level run time decision-making
mechanism to select the best algorithm for a particular situation from a set of algorithms solving
the same problem. There are several important issues related to the poly-algorithmic approach.
First, the high level decision-making mechanism should be very simple without incurring additional
overhead or it must be incurred once and be amortized over hundreds and thousands of uses to
render the cost negligible. It should only evaluate the most important application parameters and
make a quick decision. In the case of our matrix multiplication, the matrix size (i.e., M, K, and
N) and the grid shape (i.e., P and Q) are only the parameters used. Secondly, a uniform interface
should be defined for each algorithm. In our implementation, the LA_Dmatrices_Mul object encap-
sulates three matrices A, B, and C and a pointer pointing to an algorithm that can be dynamically
linked to the LA_Dmatrices_Mul object according to the result of the decision-making. Further-
more, a set of heuristics that captures the characteristics of each algorithm should be provided for
the run time decision-making. These heuristics should allow a less rigorous but quick selection. It
is hard to provide a complete set of heuristics for each algorithm, because there are lots of factors
that affect the performance of the parallel dense matrix multiplication. Here, we only provide some
initial heuristics for our parallel dense matrix multiplication.

1. If the process counts are small, say P < 5 and @ < b, the BB algorithm is selected.

2. If the size of matrix A (resp, B) is larger than the sum of the size of matrix B (resp, A) and
the size of matrix C, Cannon’s A (resp, B) stationary version is selected.

3. If the grid is square, the MM4 row/column versions is selected. If the grid shape is extreme and
P > (), the MMy row version is selected; otherwise, if ¢ > P, the MMj5 column version is
selected.

Further optimization studies are indicated, but are beyond the scope of this paper. We also realize
that the performance is not only the consideration of speed but also the consideration of space.
The memory requirement of an algorithm sometimes is critical to an application. The incremen-
tal memory requirement models for our parallel dense matrix multiplication algorithms analyzed
previously are also very important criteria for poly-algorithmic selection, which will be included in
future research.
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5 Performance Results

In this section, we present the experiment results of these parallel dense matrix multiplication
algorithms on the IBM SP2 system at the Maui High Performance Computing Center (MHPCC).
We carried out our experiment on IBM SP2 thin nodes using User Space communication subsystem
(US). The execution was supported by the IBM’s LoadLeveler environment. The program was
compiled using the mpcc compiler with O3 optimization option. We used the MPICH 1.0.11 version
of the Portable MPI Model Implementation for message passing and the DGEMM subroutine of
ESSL library for the local matrix multiplication.

The matrix multiplication is of the form C = aAB + 8C, where o and 3 are randomly selected
double precision float numbers. Matrix elements are generated uniformly on the open interval
(—1,1) (excluding 0) in double precision. The observed parallel runtime is measured on the slowest
node of the two-dimensional grid and each algorithm is tested 8 times. Performance in gigaflops is
computed as 2M K N107°/t, where t is the average observed parallel runtime over 8 runs, for the
multiplication of an M X K matrix by a K X N matrix.

5.1 Performance

We tested the above matrix multiplication algorithms on the situation of square matrices and
square grids. First, we tested the actual performance of the local matrix multiplication engine
DGEMM. Table 4 lists the actual performance in megaflops of DGEMM in one thin node of the
IBM SP2 system for the problem size of 500 x 500, 800 x 800, 1100 x 1100, and 1400 x 1400. The
actual performance of the kernel DGEMM will be considered as the upper bound performance of
our parallel dense matrix multiplication algorithms. If we improve the kernel performance, we can
consequently improve the performance of the parallel algorithms.

‘ Table 4: Performance of Kernel DGEMM ‘
| Matrix Size || 500% | 8007 | 1100 | 1400 |
| Miflops  [| 208.04 | 204.34 | 206.62 | 205.03 |

Then, we tested the matrix multiplication algorithms with different problem sizes per node
versus different process grids. Table ba to j are the results for the problem size per node fixed at
500 x 500, 800 x 800, 1100 x 1100, and 1400 x 1400 versus grid shapes 2 X 2,3 x 3,5 %X 5,7 X 7,
9x9,and 11 x 11.

From the above results, we see that MM3, MM,, and MMs (both the row version and the
column version) achieve almost the same performance. This is exactly what is expected according
to previous analysis. In the situation of square matrices and a square grid, there is no synchronous
problem for MM3 algorithms, no initial slides for MM, algorithms, and no small broadcasts for
MM algorithms. For this situation, Cannon’s C-stationary version is slower than all the MM algo-
rithms because of the initial aligns, which are expensive. Cannon’s A-stationary and B-stationary
versions are even slower than Cannon’s C-stationary version because there are more data movement
in the case of square matrices. BB algorithm is faster than other algorithms when process counts
are small (i.e., the 2 x 2 grid, the 3 x 3 grid, and the 5 x 5 grid). With the increase of processes,
the performance degrades more quickly than others.
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Figure 23 shows the performance of the Cannon’s C-stationary version as a function of problem
size for different numbers of processes from 4 up to 121 processes. Figure 24 shows the performance
of the MM, row version as a function of problem size for different numbers of processes from 4
up to 121 processes. Figure 25 shows the performance of the BB as a function of problem size for
different numbers of processes from 4 up to 121 processes.

Figure 26, a 3-dimensional graph, compares the performance of Cannon’s C-stationary version,
MM 4 row version, and BB algorithm in megaflops per node versus the number of processes and the
local matrix size. For the algorithm MM, row version, the algorithm is not truly scalable because of
the broadcast. However, since the cost of a broadcast grows like log p, for most practical purposes
the algorithm is acceptable. The performance of BB algorithm degrades more rapidly than that of
MM algorithms with the increase of concurrency, since there are broadcasts in both the row and
column dimensions.

‘ Table ba: Performance in Megaflops Per Node of Algorithm BB ‘

Local Matrix Size 5002 8002 11002 14002

Grid Shape Mflops/node | Mflops/node | Mflops/node | Mflops/node
2x2 148.24 163.92 176.40 176.58

3x3 135.43 153.87 166.84 171.15

) 110.98 133.17 147.48 156.71

TX7 108.31 130.23 146.28 154.80

9x9 93.31 116.86 132.87 142.54

11 x 11 91.57 115.05 130.98 140.29

‘ Table 5b: Performance in Megaflops Per Node of Cannon C-stationary version ‘

Local Matrix Size 5002 8002 110072 140072

Grid Shape Mflops/node | Mflops/node | Mflops/node | Mflops/node
2x2 86.78 111.97 126.75 136.98

3x3 83.31 107.89 125.50 133.80

) 90.16 113.68 129.02 141.43

TXT7 88.34 114.61 133.07 143.67

9x9 81.88 114.75 132.04 144.05

11 x 11 72.10 111.36 129.13 140.91




‘ Table 5c: Performance in Megaflops Per Node of Cannon A-stationary version ‘

Local Matrix Size 5002 8002 11002 14002

Grid Shape Mflops/node | Mflops/node | Mflops/node | Mflops/node
2X2 78.14 99.49 116.12 126.05

3x3 71.58 93.82 111.07 123.37

bXxXb 73.35 97.87 114.97 126.97

TX 7 73.46 98.26 116.57 128.12

9x9 70.56 98.19 115.45 124.95

11 x 11 64.30 95.18 112.70 120.97

‘ Table 5d: Performance in Megaflops Per Node of Cannon B-stationary version

Local Matrix Size 5002 8002 11002 14002
Grid Shape Mflops/node | Mflops/node | Mflops/node | Mflops/node
2x2 75.84 100.04 116.48 127.69
3x3 71.56 94.57 110.26 122.54
) 72.42 97.73 114.30 127.47
TX7 71.18 98.49 115.95 128.03
9x9 61.36 98.32 116.56 127.81
11 x 11 44 .51 92.58 112.87 121.09
‘ Table be: Performance in Megaflops Per Node of MM 3 row version
Local Matrix Size 5002 8002 110072 140072
Grid Shape Mflops/node | Mflops/node | Mflops/node | Mflops/node
2x2 134.70 152.60 165.96 169.78
3x3 121.38 141.45 156.99 161.68
) 111.74 133.69 146.23 156.37
TX7 104.17 126.79 142.53 152.48
9x9 101.41 124.61 140.82 149.96
11 x 11 96.55 120.39 136.54 144.39

‘ Table 5f: Performance in Megaflops Per Node of MM3 column version

Local Matrix Size 5002 8002 110072 140072

Grid Shape Mflops/node | Mflops/node | Mflops/node | Mflops/node
2x2 134.63 152.87 166.22 169.91

3x3 121.38 141.95 156.37 162.49

5x%x5 109.63 132.08 146.87 157.28

TX7 103.91 126.97 142.40 151.87

9x9 101.84 125.96 141.32 146.29

11 x 11 97.57 121.19 136.38 144.94
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‘ Table 5g: Performance in Megaflops Per Node of MM, row version

Local Matrix Size 5002 8002 11002 14002

Grid Shape Mflops/node | Mflops/node | Mflops/node | Mflops/node
2X2 133.69 152.69 166.05 169.78

3x3 120.91 141.95 156.69 162.13

bXxXb 111.81 132.89 146.73 156.78

TX 7 103.57 125.94 142.52 151.78

9x9 101.32 124.56 141.75 148.88

11 x 11 97.53 120.65 135.99 143.45

‘ Table 5h: Performance in Megaflops Per Node of MM, column version

Local Matrix Size 5002 8002 11002 14002
Grid Shape Mflops/node | Mflops/node | Mflops/node | Mflops/node
2X2 133.80 152.90 166.25 169.79
3x3 121.28 141.83 156.63 162.47
bXxXb 110.23 133.34 147.02 157.34
TX 7 104.13 127.37 143.15 151.24
9x9 101.14 126.64 140.24 149.69
11 x 11 97.82 120.96 137.11 144.12
‘ Table 5i: Performance in Megaflops Per Node of MMy row version
Local Matrix Size 5002 8002 11002 14002
Grid Shape Mflops/node | Mflops/node | Mflops/node | Mflops/node
2X2 133.65 152.93 165.97 170.93
3x3 121.34 142.02 156.04 163.44
bXxXb 113.18 134.74 148.60 158.93
TX 7 106.09 127.42 142.70 153.82
9x9 101.79 125.59 141.10 149.85
11 x 11 99.46 122.81 138.36 143.98

‘ Table 5j: Performance in Megaflops Per Node of MMy column version

Local Matrix Size 5002 8002 110072 140072

Grid Shape Mflops/node | Mflops/node | Mflops/node | Mflops/node
2x2 134.16 152.65 165.73 170.53

3x3 121.20 142.22 156.47 163.59

) 113.04 135.01 149.33 158.73

TXT7 106.00 128.29 143.89 153.54

9x9 102.02 125.59 142.02 149.79

11 x 11 99.37 122.48 138.35 143.72
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the Cannon C-stationary version with the increase of process counts. Furthermore, the performance of BB
degrades even more rapidly than that of the MM, row version, because there are broadcasts in both the row

and column dimensions.
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5.2 Comparisons

We tested these matrix multiplication algorithms on different process grid topologies and different
matrix shapes in order to compare the relative performance of each other. We chose three process
grids. The first grid is a relatively small grid with P = 4 and @ = 5 (20 nodes). The ratio of P to
@ is 0.80. The second grid is a relatively large grid with P = 7 and @ = 9 (63 nodes). The ratio of
P to @ is approximately 0.78 and is almost the same as the first grid. The third grid has almost
the same number of nodes as that of the second grid, but has a high aspect ratio shape with P = 3
and @ = 20 (60 nodes). The ratio of P to @ is 0.15 and @ is not a multiple of P.

We fix the inner dimension K to be 8000 and vary M and N to obtain five different test cases.
The case 1 has M = 500 and N = 4000, thus the ratioof M : K : N is 1 :16 : 8 and the matrix
B has a much larger size than matrix A. The case 2 has M = 1000 and N = 4000 and the ratio
of M : K :Nisl:8:4. The size of matrix B is four times larger than the size of matrix A. The
case 3 has M = 1000 and N = 1000 and the ratioof M : K : N is 1 : 8 : 1. Thus matrix A and
matrix B are of the same size. The case 4 is a symmetric case of the case 2 with M = 4000 and
N = 1000. The case 5 is a symmetric case of the case 1 with M = 4000 and N = 500.

Table 6 lists the performance result on a 4 X 5 process grid (the parallel run time of the fastest
algorithm in each test case is highlighted using bold letters). Because P < @, we expect the column
versions of MM algorithm are better than the row versions. However, in cases 1 and 2, the row
versions of MM3 and MM, are better than the column versions, because the difference of matrix
size is more significant than that of this grid (the ratio of P to @ is 0.8). Overall, the BB algorithm
performs better than other algorithms because the process counts are small in both dimensions and
thus the broadcast is less expensive.

Table 7 lists the performance result on a 7 X 9 process grid (the parallel run time of the fastest
algorithm in each test case is highlighted using bold letters). The performance of BB algorithm,
comparing with that on the 4 X 5 grid case, drops with the increasing process counts in both
dimensions. In case 1 and case 2, Cannon’s B-stationary version is the best, because the size of
matrix B is much larger than the size of both matrix A and matrix C. Cannon’s B-stationary
version minimizes the communication cost by leaving the largest matrix B stationary. In case 4
and case b, Cannon’s A-stationary version is the best because of the same reason. The advantage of
Cannon’s A-stationary version and B-stationary version will not present, when the process counts
are small referring to the 4 x 5 grid case. Because in small process count case, the broadcast is less
expensive and thus the MM algorithms perform well.

Table 8 lists the performance result on a 3 X 20 process grid (the parallel run time of the
fastest algorithm in each test case is highlighted using bold letters). Although the total number of
processes in this test case is almost the same as that of the 7 X 9 grid case, the ratio of grid shapes
is quite different. The extreme shape grid situation causes a distinct performance result. In case
1 and case 2, the MMy column version is the best instead of the Cannon’s B-stationary version.
The broadcast cost of the MM5 column version is reduced because of the small P.

The distinct performance results of each algorithm for different matrix and grid shapes verified
the conclusion of our theoretical performance analysis that no single algorithm always achieves
the best performance when dealing with arbitrary matrices and grids. Hence, a poly-algorithm is
needed because what is best changes.
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Table 6: Performance Result in Parallel Run-Time

(seconds) on a 4 x 5 Process Grid

Matrix Ratio M : K : N 1:16:8 1:8:4 1:8:1 4:8:1 8:16:1
Algorithms Run Time | Run Time | Run Time | Run Time | Run Time
MM3 row 19.041 27.204 10.230 33.807 25.511
MM3 col 19.630 28.014 9.901 290.823 21.456
MM, row 18.948 27.482 9.788 32.310 24.306
MM, col 23.034 30.299 9.913 30.031 20.883
MMy col 18.387 26.838 9.207 29.540 20.461
BB 18.154 26.329 8.859 28.392 19.966
Cannon C 27.515 36.947 13.072 39.159 30.501
Cannon A 40.643 48.260 13.871 31.627 20.087
Cannon B 19.257 31.201 14.049 49.518 41.359

Table 7: Performance Result in Parallel Run-Time

(seconds) on a 7 X 9 Process Grid

Matrix Ratio M : K : N 1:16:8 1:8:4 1:8:1 4:8:1 8:16:1
Algorithms Run Time | Run Time | Run Time | Run Time | Run Time
MM3 row 12.075 16.936 8.258 26.854 23.460
MM3 col 16.680 19.742 7.681 19.046 15.194
MM, row 13.160 16.640 7.432 23.427 19.641
MM, col 16.079 19.046 7.037 19.496 14.142
MMy col 14.318 17.959 6.592 17.468 14.444
BB 12.218 16.438 6.876 21.013 17.264
Cannon C 17.763 21.326 8.172 22.606 19.449
Cannon A 28.961 32.994 9.044 16.665 11.052
Cannon B 11.348 16.142 9.148 31.435 29.933

Table 8: Performance Result in Parallel Run-Time

(seconds) on a 3 X 20 Process Grid |

Matrix Ratio M : K : N 1:16:8 1:8:4 1:8:1 4:8:1 8:16:1
Algorithms Run Time | Run Time | Run Time | Run Time | Run Time
MM3 row 11.415 19.341 12.618 47.770 45.211
MM3 col 19.051 24.500 10.325 30.755 27.533
MM, row 11.960 19.222 12.865 50.039 46.462
MM, col 11.183 15.526 8.120 28.821 25.996
MMy col 7.685 13.118 7.995 29.991 27.015
BB 0.864 17.426 13.012 46.439 43.616
Cannon C 14.925 20.846 10.590 34.106 30.600
Cannon A 42.102 43.972 12.128 20.602 12.978
Cannon B 12.118 18.182 10.866 37.119 33.987
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6 Summary, Comments, and Future Work

In this paper, we presented several parallel dense matrix multiplication algorithms of the form
C = aAB + BC on two-dimensional process grid topologies. We gave a taxonomy of these al-
gorithms, which will help avoid confusion of future algorithms. We introduced data distribution
independent approach and defined data distribution functions, permutation compatibility, and al-
gorithmic compatibility. We analyzed the characteristics of each algorithm and provided initial
heuristics for using the poly-algorithm. All these matrix multiplication algorithms were tested on
the IBM SP2 system. The experimental results were presented to demonstrate their performance
characteristics and the definite need for poly-algorithms.

One of the algorithms with potential advantage for large-size dense matrix multiplication is the
Strassen’s algorithm [24]. There are two levels of application of Strassen’s approach. One (low level)
is to use the Strassen’s approach to replace DGEMM as local multiplication engine [10]. The other
(high-level) is to develop a fully parallel Strassen’s algorithms. The general parallel Strassen’s
algorithm that can deal with general cases of rectangular matrix multiplication on rectangular
process grids deserves further research. Another approach for parallel dense matrix multiplication
is to use a 3-dimensional process topology [3, 8]. The advantage of the 3-D algorithm is that it
moves less data than the known 2-D algorithms [3] and thus achieves high performance. However,
the 3-D algorithm [3] obviously requires more incremental memory to replicate local matrices than
those 2-D algorithms presented in this paper do. So, there is a tradeoff of speed versus space and
still a poly-algorithmic selection. We will continue investigating these algorithms and extending
the poly-algorithmic set.

One of the key issues of using the poly-algorithm is to determine under what kind of situations
an algorithm achieves the best performance. We will further investigate the characteristics of our
parallel dense matrix multiplication algorithms and provide more detail heuristics for using the
poly-algorithm. However, it is apparently clear that there can not be only one parallel matrix
multiplication algorithm. The implications of this are several, and important both for this parallel
algorithm for others built on it, and most likely for many others:

e an unabstracted interface to parallel matrix multiplication (traditional fat interface [7]) is
insufficient, because it cannot easily capture multiple algorithms and heuristics without per-
use overheads.

e one cannot standardize on a package that has no concept of poly-algorithms, and succeed
in adhering to any single algorithm library, while attaining high performance over a range
of problem environments (especially as space or time complexity may be more important to
different applications).

e practical libraries must provide cost models and provide interface to help users select the right
algorithm among several of the poly-algorithm, unless heuristics can be made quite tight and
still be acceptably cheap; space/time tradeoffs must be acceptable too. This flexibility needs
to include data distribution independence.

o this same type of study is clearly suggestive of studies for more complex parallel algorithms,
where the computation to communication ratio is less favorable, and where it is even more
likely that a variety of strategies will be needed.
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So, performance requirements drive the use of abstracted (e.g., object-based or object-oriented)
formulations, which must also include, wherever possible performance models.
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