Partial Correctness Proof of Division by Repeated Subtraction

Program
P: {x>0&y>0} Precondition
S1 q:=0;
So r = X;
L{x=qxy+r&r>0} Loop Invariant
Ss while (r > y) loop
ri=r—y;
q:=q+1
end loop;
Q{x=gxy+r&-(r>y)} Postcondition
Proof

To prove the above program correct, we divide it into two parts at the loop invariant assertion,
and then prove each part in turn. This follows from the Composition rule.

{P}S1; So{1}, {I}S3{Q}
{P}S1;S2;S3{Q}

(1)

1. {x>0&y>0}q:=0r:=x;{x=qxy+r&r>0}

We next use the Composition rule.

{x>0&y>0}q:=0{P2},{Po}r:=x{x=qxy+r&r>0}
{x>0&y>0}q:=0r:=x5{x=qXxy+r&r>0}

To derive P9, we use the axiom of Assignment on the statement r := x.
{x=agqxy+x&x>0r:=x{x=qxy+r&r>0} (3)

Therefore, Po =x=qxy+x&x>0.

We now have to prove {x >0&y > 0}q:=0{x = qXxy+x & x > 0}. First we apply the
Assignment axiom to derive the weakest precondition for the assignment, which we call
Py.

{x=0xy+x&x>0}q:=0{x=qxy+x&x>0} 4)
Therefore, P1=x=0xy+x&x>0=x=x&x>0=x>0.
We next apply the Consequence-2 rule to complete this part of the proof.

x>0&y>0=P;,{Pi}q:=0{x=qxy+x&x>0}
{x>0&y>0}q:=0{x=qxy+x&x>0}




2. {x=qxy+r&r>0}
while (r > y) loop

r:=r—y;
q:=q+ 1
end loop;

{x=axy+r&-(r>y)}
To apply the Loop rule, we need the postcondition to be in the form I & —(r > y)
=x=qxy+r&r>0&—(r>y). Therefore, we first apply the Consequence-1 rule.
{I}S3{I& ~(r>y)},I1& ~(r>y)=x=qxy+r& -(r>y)
MSsx=axy+1& 0>y}

(6)

Now we may apply the Loop rule

{T&r>yjri=r—y;q:=q+ I} (7)
1S3{T & =(r > y)}

followed by the Composition rule.

{l&r>yjr:=r—y{Ps},{P3}q:= g+ H{I}
{I&r>ylr:=r—y;q:=q+1{I}

To determine P3, we apply the Assignment axiom.
{x=@+1) xy+r&r>0}q:=q+1{x=qxy+r&r>0} 9)
Therefore, Py =x=(q+ 1) xy+r&r>0.
We apply the Assignment axiom again to prove
{x=@+)xy+@—y)&(r—y)>0r:=r—y{x=(q+1) xy+r&r>0} (10)

Note that x=(q+ 1) xy+(r—y) & (r—y) >0=x=qxy+y+r—y&r>y
=x=qxy+r&r>y.

Applying the Consequence-2 rule completes the proof.
I&r>y=>x=qxy+r&r>y,{x=qxy+r&r>ylri=r—y{x=(q+1) xy+r&r>0}
{IT&r>ylri=r—y{x=(q+1) xy+r&r>0}

(11)

Thus the partial correctness proof of the given program consists of steps 1-11.



